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Abstract : In this paper we consider a certain class of analytic functions whose coefficients are restricted to
certain conditions, and find some interesting zero-free regions for them. Our results generalize a number of
already known results in this direction.

Mathematics Subject Classification:  30C10, 30C15

Key-words and phrases: Analytic Function , Coefficients, Zeros

l. INTRODUCTION AND STATEMENT OF RESULTS
Regarding the zeros of a class of analytic functions , whose coefficients are restricted to certain
conditions, W. M. Shah and A. Liman [4] have proved the following results:

Theorem A: Let f(z)=iajzj # 0 be analytic in |Z|<t . If for some k >1,
=0
klay| > tja,| >t*|a,|>.......,

and for some /3,

‘argaj —ﬁ‘Sagg,jzo,l,Z, ...... :

then f(z ) does not vanish in
(k — 1)t |< Mt
2 _(k-1)?%" M2 —(k-1)?"

where

M = k(c03a+sma)+2| |Z‘ ‘
0

Theorem B: Let f(2) =Zajzj # 0 be analytic in |Z| <t.Ifforsome k >1and A >0,
i=0

klap| <tla,|<t?a, <....<t‘la|=t"">....

and for some /3,

arga. — 3 Sasf,j=o,1,2, ...... :
! 2

then f(z ) does not vanish in
(k- |< Mt
M*2 —(k =12 M2 = (k-1)?

where

. sina
| k|tk k)cosa + ksina + 2 Z‘ it
~Vla 2y §
The aim of this paper is to generalize the above - mentioned results. In fact , we are going to prove the
following results:
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Theorem 1: Let f(z)=> a;z’ #0 be analytic for || <t . If for some p >0,
j=0

p+ag 2ty =t?a,]|>.......,
and for some real # and «,
‘argaj —ﬂ‘SaS%,jzo,l,Z, ...... ,
then f(z ) does not vanish in
plalt |< Mtja, |’

_|a0|2|\/|2—p2‘ |a0|2M2—p2
where
M = (2l

2|

Remarkl: Taking p = (k —1)|a0| , K >1, Theorem 1 reduces to Theorem A.

)(COSa+sma)+2| |Z‘ it

Also taking @ = # =0, we get the following result, proved earlier by Aziz and Shah [2] :

Corollary 1: Let f(z)= Zaj 27 #0 be analytic for |Z| <t such that for some k >1,
j=0
ka, >ta, >t%a, >......
Then f(z) does not vanish in
k=Dt
k-1 2k 1
Taking o= =0and p =0, we get the following result proved earlier by Aziz and Mohammad [1] :

Corollary 2: Let f(z)= Zaj z' #0 be analytic for |Z| <tsuchthat a; >0and
=0

a;,—ta; = 0,j=123,...... .Then f(z) does not vanish in |Z| <t.

Theorem 2: Let f(z)=iajzj # 0 be analytic for |Z|St . If for some p >0,
j=0

A1>0,

lp+a,|<tla|<t?|a,|<...<tla,| =t a, ] >......,

and for some real £ and«
‘argaj —,B‘Sasg,jzo,l,z, ...... :
then f(z ) does not vanish in
plaglt ‘ M “tja
L 12 *2 P T 2!
|ao| M —p |ao| M —p

where

{(zﬁti
a

0
Remark2: Taking p = (k —1)|a0| , k >1, Theorem 2 reduces to Theorem B.

2
o

1+£sina+23ma2‘ ‘tl .

ﬁ)cosa+
a, la,| 4

0

The result of Aziz and Mohammad (Theorem 6 of [1]) follows from Theorem 2 by taking 0 =0.
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1. LEMMA
For the proofs of the above theorems , we need the following lemma, which is due to Govil and
Rahman [3]:

Lemma : If ‘arg a, —ﬂ‘ <a S% and for some t>0, ‘taj‘z‘aj_l‘, j=0.1,......n,, then
‘taj - aj_l‘ < [(‘taj‘ - ‘aj_l‘) cos a + (‘taj ‘ + ‘aj_l‘)sin al.

1. Proofs Of The Theorems
Proof of Theorem 1: Consider the function

F(z)=(z-1t)f(2)

=(z-t)(a, +a,z+a,2% +......)

=—ta, +(a, —ta,)z+(a, —ta,)z’ +....
=—ta,-pr+(p+a,—ta,)z+(a, —ta,)z° +.....
=—ta, — oz +G(z) ,

where
G(2)=(p+a, —ta,)z+ Z(aj_1 ~ta, )z! .
j=2
Since ‘arg a; — ,6" <a< %, j=012,...... , by using the lemma and the hypothesis, we have for |Z| =t,

IG(2)| <t[{(p +|a,|) — [tay[}cos & +{(p +|a,|) + [tay[}sin &
+t{(a,| —|ta,) cos & + (|a,| + ta,[) sina} +.....]
<tla, [[(1+ P cosa +sina) + 0% 2sina Z‘ ‘t‘

3| lao|
=tfa,|M.
Since G(2) is analytic for |Z| <t, G(0)=0, it follows by Schwarz’s lemma that
IG(2)|<t|a,|M|z| for |z]<t.

Hence it follows that
|F(2)| = ta, + pz| —|G(2)|

> |a, |l

>0
if
Jad +1
aO
i.e. if

—t|z|M]

E+t
a0

>t|z|M

t|z|M <|2% 4t
aO

Since the region defined by
Z

tzZM <=+t

a'0

is precisely the disk
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IR .Y N N

|a0|2|\/|2—p2 |a0|2M2—p2,
we conclude that F(z) and therefore f(z) does not vanish in the disk
I .Y O N

|a0|2|\/|2—p2 |a0|2M2—p2.

That completes the proof of Theorem 1.
Proof of Theorem 2: Consider the function

F(2)=(z-1)f(2)

=(z-t)(a, +a,z+a,2% +......)

=—ta, +(a, —ta,)z+(a, —ta,)z* +..+(a,, —ta,)z" +.....

=—ta, — oz +G(z) .

Since ‘arg a; — ,B‘ <a S%, j=012,......, by using the lemma and the hypothesis, we have for |Z| =t,
IG(2)| =|(p+a, —ta,)z+(a, —ta,)z” +....+ (a, —ta,,)z""

Fot (@ — )2 |

<t[(ta,| —|p +a,|) cos & + ([tay| +| o + a,|) sinx
+(t*a,| - [tay) cos & + (t*a, | + fta, ) sin e + ...

+ (‘t*al‘ —‘t”‘laH‘)COSa + (‘t‘ai‘ + ‘tHaH‘)sin a

+(‘tlal‘—t’”lam)cosa+(‘t’lal‘+t“laM)sina
+oen+ (t" A, |~ t"a, Ncosa + (t"ta, |+ [t"a, ) sina
+t"a, |+ ....]
al Yo, Pl . 2siNa & i
=tla,|| (2—{t* —[1+ ) cosa +1+|sina + a. |t
|°|{( a, ao) a, EX JZ_;‘ ]
=tja,|M",
where
M*:{(Z%t‘—1+£)cosa+1+£sina+25iﬂi‘aj‘t1 J.
0 a, N |ao| j=1

Since G(2) is analytic for |z <t, G(0)=0, it follows by Schwarz’s lemma that
IG(z)| <t|ag|M || for |z|<t.

Hence it follows that

IF(2)| = ta, + pz| -|G(z)|

>[a, [ —t}z[]M7]

Z
Pt
aO

>0
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if

Z *
P> t|z|M
a0
i.e. if

* Z

tlZM” < Py
a0
Since the region defined by

* Z
tlZM " < Py
a0
is precisely the disk

Pt | Mt
2ng*2 2 2ng %2 2’
3|’ M = p*| ap|'M™ —p
we conclude that F(z) and therefore f(z) does not vanish in the disk
pladt | Mt

231 %2 2 28 0 *2 2

3| ' M™ = p*| a,|'M™ —p
That completes the proof of Theorem 2.
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