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Abstract: Consider the second order nonlinear differential equations with damping term and oscillation 's

nature of (r(t)X'(t))+ p()x'(t) +q(t) f (xA)k(x'(t)) =0 t>t, @)
to used oscillatory solutions of differential equations
(a()x'(1)) '+ A) f (x®)k(x'[t) =0 @

where a(t) and S(t) satisfy conditions given in this work paper. Our results extend and improve some

previous oscillation criteria and cover the cases which are not covered by known results. In this paper, by using
the generalized Riccati’s technique and positive function H (t, s) of Philo we get a new oscillation and
nonoscillation criteria for (1).
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I.  Introduction
In this paper we are being considered the oscillation solutions in the second order nonlinear functional
differential equation:

(r(®)x'(®))+ p®x'®) +aq(t) f (xOk(x'[) =0, t=t, (€
where t, p,q,€ C([t,,0],R) and f,g e (R,R).
In the following we shall assume the conditions

Al)Forallitel, p(t)>0, r(t)>0,for tel =[a,®), and J.%dt:oo.
r

A2) ((t) isareal value and locally integrated over .

A3)Xf (X) >0, and f'(X) >k > 0.

A4) k(x'(t))=c, >0

By the solution of equation (1) or (2) we consider a function

X(t), telt,,o) c[t,,00} which is twice continuously differentiable and satisfies equation (1) or (2) on the
given interval. The number depends on that particular solution x (t) under consideration. We consider only non-
trivial solutions. A solution x(t) of (1) or (2) is said to be oscillatory if there exists a sequence {An}::l of

points in the interval [t,,o0}, so that limA, =00 and X(4,)=0, neN, otherwise it is said to be
N—oo

nonoscillatory. An equation is said to be oscillatory if all its solutions are oscillatory, otherwise it is considered
that is nonoscillatory equation.

The Conditions for oscillatory solutions of the second order differential equations (1) are studied by many
authors (see [5], [6], etc.) .Here, we give some conditions for coefficients  where the equation (1) has
oscillatory solutions and we also take into account the result we have obtained in the previous researches, here
we present more generalized criteria that define oscillation solution of the equation (1) to used oscillatory
solutions of (2).In this paper are presented theorems, that use generalized Riccati — type transformations, and
averaging technique, which explain results for oscillatory nature of differential equations. Also, our results
extend and improve a number of existing results (see [5], [9], [10], etc.).
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1. Main Result
What follows is, E(l) , S(a) denote
(A
El)=e-""
T p*(l)
nd - Bl@)= (e - aer)”

that we will use in the following theorem.
Theorem 1: The equation (1) is oscillatory if for p(t) >0,t > «, and

[t di=o @
o E(Dr()
B(a) = 3
Ay,
Proof: ForE(l) = g« , we have E'(t) = % E(t), where E(t) >0,

and the equation

(E@r®x'®))+E®) p) f (x)k(x'(t)) =0 @
may be reduced in (1).
We se that (1) is oscillatory if and only if the equation (4) is oscillatory.
Assume that (1) is nonoscillatory. Then there exists a nonoscillatory solution x (t) of (1). So we may assume that

X(t) >0 onlt,,o), for somet, > . We show that x'(t) >0, fort > t,.
From (4) we obtain that

(E@rt)x'(t))'=—E@®) p(t)x(Ok(x'(t)) <0
from where E(t)r(t)x'(t) isnotincreasing for t>t,. Assumethat E(t,)r(t,)x'(t,) <O for
somet, >t . Put E(t,)r(t,)x'(t,) =L ,then fort >t,, we have
E@r)x't)<L.
Dividing both sides by E(t)r(t) and integrating from t, to t (>t,) , we obtain

X(t) = x(t,) < L j

E(l) (l)

Because Lj is tending to— oo, wheret — oo, we conclude that X(t) < O, for sufficiently

dl
. E(I)r(l)

larget, which is a contradiction. Therefore,
X'(t)>0,fort>t,.

In case that X(t) < 0, put y(t) = —x(t) . Sowe have X'(t) > 0.
Considering the function

W - "OX®
f (x(0)

we have

W —— PO 6 gk VO T D)
(0= WO a0k O) -

and from A3), A4) we obtain

w ) = — PO W 1y — qtye, — WOk ®)

r(t r(o
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, k pP(t)\2 , P(t)
w (t)S—ﬂ(W(t)+ T (t)—q(t)cl
WD < P(),. p°(®
t)=<- ()(W() ) —(a®e - (t))

Integrating (6) from t, to t (> tz) , We get

WO-we)+ | @ -0
: Yoakcr(l)
By means of (4) there exists a t; > 1, such that for t > t3 , We gain
Q(l)
W (t) _—j WO
which is impossible because W(t) >0, for t>t,.
To use the theorem above we can prove that for function W (t) is truth the following lemma.

)di < j W -Sya

Lemma 1: Assume that fort >z, p(t) >0, q(t) >0 and (3) are valid. If the differential equations (1)
have a positive solution, we have
m FOX () _

So: (x(1)
Proof: Let X(t) > O , be a solution of (1). From Theorem 1 it follows that from p(t) >0, for t >, and
(3) thatthere existsa t, > suchthat X'(t) >0, for t>t,.

Put
w = "OX0
F(x(®)
for t>1, ,and consider Riccati inequation

t W2(t)k
wt) < POw ) - gy, - VK
r(t) r(t)
it is obvious that dividing with W? >0 , we get
_wW@o, k.
W(t)  r(t)
Integrating the above inequation over [t;,00) and considering the condition r(t) >0, and

J.idt =00, Wwe have

2 T(0)

(W) ., ¢ 1
_Iw(s) ds_J-i

oL oas
Wo W e

W (t) = =

1 + kj 1 ds
W () - r(s)
from where for t — oo, we obtain

limW (t) =0 -

t—o0
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Here , we present some sufficient conditions for (1) to be oscillatory to used the class X of functions

which comes from Philos, where H(t,s) >0, for t>s>t
derivatives

H(t,s)
H(t,t) =0, are continuous and have partial

oH (t,s) nd oH (t,s)
dt ds
satisfying :
HES) _ 1 (t.5)JHts) and aHa(z’S) —h,(t,5)H(t.S) .
Theorem 2.Let assumptions Al)-Ad)holdand H € X . If there exists (a,b) < [t,,©),c € (a,b), such that
1 ) r(s)h(s)
TSy j H (b,s)[q(s)c, —(p( )+(a+1)

4kr(s) JH( S)]

TIHM(b S)[q(S)C+ 1 (p(s)+(a+l)m]ds>0
““(b,c) s

4kr(s) JH(t,s)

(6)

then every solution of eg. (1) is oscillatory.

Proof: Supposed to the contrary, that x (t) be a non-oscillatory solution of (1), say X(t) #0 on [t,,) .
If we multiply equation (5) by H a+1(s,t) and integrate it from c to t where t € (¢,b),s e (c,t) then we have
t

[H 't s)a(s)eds < —j H(t, S)W (s)ds —j Hee(r,5) ROV 4o

r(s)
fWASKH (),

: r(s)

IH“*l(t,s)q(s)clds <—H“H(t, s)W(s)/} +jW(s)H“+1(t,s)m(t,s) H(t,s)ds —

g o PEWES) W ORH 1)
IH e ST e

j H“(t,5)q(s)c,ds < —H “(t, )W (s) /| —

c

Cfryen p(s) L, (e+Dht, s)r(s)
jH . 9) 775 )[vv (s)+( T W (s)ds
from that

j H“(t,s)q(s)c,ds < —H“™(t, s)W (s) /L +j H**(t,s)

c

SOLTONR
1
()(p() (a+ )m)
Let t —>b_ in (7) and dividing it by H“"(b, ) then what we get is

e [H* (b, 9)a(s)cds SW(C) +

Ha+1(b’c) g

™
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. 1 C e r(s)h.(s) (8)
H“”l(b,c)v[H . )4k r(s )(p( )+ (e )a/H(t,S)

By multiplying (5) by H (s,t)*** and integrate it over (t,c) where te(a,c),s e (t,c)
we have

jH“”(s,t)Q(S)Clds s—jH“”(s,t)W '(S)ds—jH“”(s,t) s -

PWASKH (s, 4
t r(s)

from that

j‘HaJrl(S’t)q(S)cldS <_-H a+1(s,t)W(S) /f +

+I’H”‘“(s,t) K (S )(p(S) (a+1):/(% ©)
Let t — b, in (9) and dividing it by H“"*(b,c) we get
1 a+l
Hl—(b)-" H (b, s)q(s)c,ds < -W (c) +
1 7 st r(s)h(s)
+—Ha+1(b’c)i t )—4k()(p() N o) (10)
Adding (8) and (10) we have the following inequality
L [yen 1 r(s)h(s)
Hm(b 3 [H 6. 90a05) o ()<p<s> N T L
1 ail r(s)h(s)
o)) [He0, Sa(s)e +, (S)(p<s)+<a+1> NCITOLAR (1)

which contradicts the condition (6) , therefore , every solution of equation (1) is oscillatory .
If for H(t,s)=(t—S),t>s>t,, we have the following corollary.

Corollary 1.Assuming that condition A1) — A4) hold, then every solution of equation (1) is oscillatory if for
a>0 ,the foIIowing inequalities hold:

) r(s)
Ilrtrlswu [a(s)c, (s) (p(s) +(a +1) (s—l)]ds >0 (12)
and
limsup T(I S HA)E, + o (P(S) + ( +D) 1 X dls > (13
tow O T ( ) (I—9)
Proof: For

1
H(t,s)=(t—s) ,wehave h,(t,s) =h,(t,s) = (t—s) 2 fromwhere
similarly to use (6) we get (12) and (13). The proof is complete.

Example 1.Consider the nonlinear differential equation of second order
(X'(t)) "+ (L+cos® t)x'(t) + x(t)A+ x* () A+ (x'(t))*) =0
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where t > 1.
We can see that f (X) = x(1+x*), f'(X)=1+5x">1, g(x)=1+x*>1,

for all X €R. Equation is oscillatory because the coefficients of equation satisfy the condition given in the
theorem 1.
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