Research Inventy: International Journal Of Engineering And Science
Issn: 2278-4721, Vol. 2, Issue 4 (February 2013), Pp 025-30
Www.Researchinventy.Com

Fuzzy W- Super Continuous Mappings

M. K. Mishra , °M. SHUKLA3S.Kamali
1,Professor, EGS PEC Nagapattinam

2 Asst. Prof. AGCW KARAIKAL

% Asst.Prof Anna Univ.Thirukali Campus

Abstract: Tpe purpose of this paper to introduce and study the concepts of fuzzy w-super closed sets and
fuzzy w- super continuous mappings in fuzzy topological spaces.

Keywords: fuzzy super closure fuzzy super interior, fuzzy super open set , fuzzy super closed set , fuzzy w-super
closed set , fuzzy g-super closed set, fuzzy g- super open set, fuzzy sg- super closed set, fuzzy sg- super open set,
fuzzy gs- super closed set.

I. Preliminaries

Let X be a non empty set and 1= [0,1]. A fuzzy set on X is a mapping from X in to I. The null fuzzy set
0 is the mapping from X in to | which assumes only the value is 0 and whole fuzzy sets 1 is a mapping from X on
to | which takes the values 1 only. The union (resp. intersection) of a family {A,: aeA}of fuzzy sets of X is
defined by to be the mapping sup A, (resp. inf A,) . A fuzzy set A of X is contained in a fuzzy set B of X if A(x)
< B(x) for each xeX. A fuzzy point xg in X is a fuzzy set defined by xg (y)=B for y=x and x(y) =0 for y # X,
Bel0,1] and y € X .A fuzzy point x; is said to be quasi-coincident with the fuzzy set A denoted by xg,A if and
only if B + A(x) > 1. A fuzzy set A is quasi —coincident with a fuzzy set B denoted by A¢B if and only if there
exists a point xe X such that A(x) + B(x) > 1 .A <B if and only iﬂ(AqBC).A family t of fuzzy sets of X is called
a fuzzy topology [2] on X if 0,1 belongs to t and t is super closed with respect to arbitrary union and finite
intersection .The members of 1 are called fuzzy super open sets and their complement are fuzzy super closed
sets. For any fuzzy set A of X the closure of A (denoted by cl(A)) is the intersection of all the fuzzy super closed
super sets of A and the interior of A (denoted by int(A) )is the union of all fuzzy super open subsets of A.

Definationl1.1 [5]: Let (X,t) fuzzy topological space and AcX then

1. Fuzzy Super closure scl(A)={xeX:cl(U)NA#d}
2. Fuzzy Super interior sint(A) ={xeX:cl(U)<A+#¢}

Definition 1.2[5]: A fuzzy set A of a fuzzy topological space (X,7) is called:
(a) Fuzzy super closed if scl(A ) <A.
(b) Fuzzy super open if 1-Ais fuzzy super closed sint(A)=A

Remark 1.1[5]: Every fuzzy closed set is fuzzy super closed but the converses may not be true.

Remark 1.2[5]: Let A and B are two fuzzy super closed sets in a fuzzy topological space (X,3), then A U B is
fuzzy super closed.

Remark 1.3[5]: The intersection of two fuzzy super closed sets in a fuzzy topological space (X,J) may not be
fuzzy super closed.

Definition 1.3[1,5,6,7]: A fuzzy set A of a fuzzy topological space (X,) is called:

€)] fuzzy semi super open if there exists a super open set O such that O< A< cl(O).
(b) fuzzy semi super closed if its complement 1-A is fuzzy semi super open.

25



Fuzzy W- Super Continuous Mappings...

Remark 1.4[1,5,7]: Every fuzzy super open (resp. fuzzy super closed) set is fuzzy semi super open (resp. fuzzy
semi super closed) but the converse may not be true .

Definition 1.4[5]: The intersection of all fuzzy super closed sets which contains A is called the semi super
closure of a fuzzy set A of a fuzzy topological space (X,t) . It is denoted by scl(A).

Definition 1.5[3,11,8,9,10]: A fuzzy set A of a fuzzy topological space (X,t) is called:

fuzzy g- super closed if cl(A) < G whenever A <G and G is super open.

fuzzy g- super open if its complement 1-A is fuzzy g- super closed.

fuzzy sg- super closed if scl(A) <O whenever A <O and Ois fuzzy semi super open.
fuzzy sg- super open if if its complement 1-A is sg- super closed.

fuzzy gs- super closed if scl(A) < O whenever A <O and O is fuzzy super open.
fuzzy gs- super open if if its complement 1-A is gs- super closed.

oML E

Remark 1.5[10,11]: Every fuzzy super closed (resp. fuzzy super open) set is fuzzy g- super closed (resp. fuzzy
g- super open) and every fuzzy g-super closed (resp. fuzzy g-super open) set is fuzzy gs-super closed (resp. gs —
super open) but the converses may not be true.

Remark 1.6[10,11]: Every fuzzy semi super closed (resp. fuzzy semi super open) set is fuzzy sg-super closed
(resp. fuzzy sg-super open) and every fuzzy sg-super closed (resp. fuzzy sg-super open) set is fuzzy gs-super
closed (resp. gs — super open) but the converses may not be true .

Definition 1.5[1,3,9,10,11] : A mapping from a fuzzy topological space (X,t) to a fuzzy topological space (Y,I')
is said to be :

1. fuzzy super continuous if f*(G) is fuzzy super open set in X for every fuzzy super open set Gin Y.

2. Fuzzy super closed if the inverse image of every fuzzy super closed set of Y is fuzzy super closed in X.

3. fuzzy semi super continuous if f*(G) is fuzzy semi super open set in X for every fuzzy super open set G
inYy.

4, fuzzy irresolute if the inverse image of every fuzzy semi super open set of Y is fuzzy semi super open in
X

5. fuzzy g-super continuous if f*(G) is fuzzy g-super closed set in X for every fuzzy super closed set G in
6. fuzzy sg-super continuous if £1(G) is fuzzy sg-super closed set in X for every fuzzy super closed set G in

7. fuzzy gs-super continuous if £1(G) is fuzzy gs-super closed set in X for every fuzzy super closed set G in

Remark 1.7[1, 11]: Every fuzzy super continuous mapping is fuzzy g-super continuous (resp. fuzzy semi super
continuous) but the converse may not be true.

Remark 1.8[10, 11]: Every fuzzy g-super continuous mapping is fuzzy gs-super continuous but the converses
may not be true.

Remark 1.9[10, 11]: Every fuzzy semi super continuous mapping is fuzzy sg-super continuous and every sg-
super continuous mapping is gs-super continuous but the converses may not be true.

Definition 1.6[10, 11]: A fuzzy topological space (X,t) is said to be fuzzy Ty, (resp. fuzzy semi Ty) if every
fuzzy g-super closed (resp. fuzzy sg-super closed) set in X is fuzzy super closed (resp. fuzzy semi super closed).

Definition 1.7: A fuzzy set A of a fuzzy topological space (X,t) is called fuzzy w-super closed if cl(A) < U
whenever A <U and U is fuzzy semi super open.

Remark 1.9: Every fuzzy super closed set is fuzzy w-super closed but its converse may not be true. For,
Example2.1: Let X = {a, b} and the fuzzy sets A and U are defined as follows:

A(a)=0.5, A(b)=0.5 U(a)= 0.5,U(b)=0.4
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Let 5 = {0, 1, U} be a fuzzy topology on X. Then the fuzzy set A is fuzzy w-super closed but it is not fuzzy
super closed.

Remark1.10: Every fuzzy w-super closed set is fuzzy g-super closed but the converse may not be true. For,
Example2.: Let X = {a, b} and the fuzzy sets A and U are defined as follows
U(@)=0.7, U(b)=0.6 ,A(a)=0.6 ,A(b)=0.7

Let 3 ={0, 1, U} be a fuzzy topology on X. Then the fuzzy set A ,is fuzzy g-super closed but it is not fuzzy w-
super closed.

Remark1.11: Every fuzzy w-super closed set is fuzzy sg-super closed, but the converse may not be true. For,
Example2.3: Let X = {a, b} and the fuzzy sets A and U be defined as follows:
A (a) =0.5, A(b)=0.3,U (a) = 0.5, U(b)=0.4.

Let 3 = {0, 1, U} be a fuzzy topology on X. Then the fuzzy set A is fuzzy sg-super closed but it is not fuzzy w-
super closed.

Remark1,12: If A and B are fuzzy w-super closed sets in a fuzzy topological space (X,t) then A U B is fuzzy w-
super closed.

Remark1.13: The intersection of any two fuzzy w-super closed sets in a fuzzy topological space (X,t) may not
be fuzzy w-super closed for,

Example2.4: Let X = {a, b, c} and the fuzzy sets U, A and B of X are defined as follows:
U (a) =1, U (b) =0, U(c) =0, A@)=1,Ad)=1, A(c)=0, B (@) =1, B(b)=0, B(c)=1

Let T = {0, U, 1} be a fuzzy topology on X. Then A and B are fuzzy w-super closed set in (X,t) but ANB is not
fuzzy w-super closed.

Remark1.14 : Let A < B < cl(B) and A is fuzzy w-super closed set in a fuzzy topological space (X,t), then B is
fuzzy w-super closed.

Definationl1.7: A fuzzy set A of a fuzzy topological space (X,t) is called fuzzy w-super open if and only if 1-A
is fuzzy w-super closed.

Remark1.15 : Every fuzzy super open (resp. fuzzy g-super open) set is fuzzy w-super open .But the converse
may not be true. For the fuzzy set B defined by B(a) = 0.5, B(b) = 0.5 in the fuzzy topological space (X,1) of
example (2.1) is fuzzy w-super open but it is not fuzzy super open and the fuzzy set C defined by C(a) = 0.4,
C(b)= 0.3 in the fuzzy topological space (X,t) of example (2.2) is fuzzy w-super open but it is not fuzzy g-super
open .

Remark1.16: A fuzzy set A of a fuzzy topological space (X,t) is fuzzy w-super open if and only if F < int(A)
whenever F < A and F is fuzzy semi super closed .

Remark1.17: Let A be a fuzzy w-super open subset of a fuzzy topological space (X,t) and int(A) <
B < A then B is fuzzy w-super open.

Defination1.8: A fuzzy topological space (X,t) is said to be fuzzy semi super normal if for every pair of fuzzy
semi super closed sets A and B of X such that A < (1-B), there exists fuzzy semi super open sets U and V such
that A< U, B<Vand [(UgF).

Remark1.18 : If F is fuzzy regular super closed and A is fuzzy w-super closed sub set of a fuzzy semi super
normal space (X,t) and (A, F).Then there exists fuzzy super open set U and V such that cl(A) < U, F <V and
T(UV).

Remark1,19: Let A be a fuzzy w-super closed set in a fuzzy topological space (X,t) and f:
(X,1)—>(Y,0) is a fuzzy irresolute and fuzzy super closed mapping. Then f (A) is fuzzy w-super closed in Y.
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Definition1.9: A collection {A;: ieA) of fuzzy w-super open sets in a fuzzy topological space (X,t) is called a
fuzzy w-super open cover of a fuzzy set B of X if B < U{A;: i€A).

Definition1.10: A fuzzy topological space (X,t) is called w-compact if every fuzzy w-super open cover of X has
a finite sub cover.

Definition1.11: A fuzzy set B of B of a fuzzy topological space (X,t) is said to be fuzzy W- super
compact relative to X if for every collection {Ai: i € A} of fuzzy w-super open sub set of X such that B < U{A;
:1 € A) there exists a finite subset Aq of A such that B< U{Ai: i € Ay).

Definition1.12: A crisp subset B of a fuzzy topological space (X,t) is said to be fuzzy w- super compact if B is
fuzzy w- super compact as a fuzzy subspace of X.

Remark1.20: A fuzzy w-super closed crisp subset of a fuzzy w- super compact space is fuzzy w- super compact
relative to X.

Il. Fuzzy W-Super Continuous Mappings
The present section investigates and a new class of fuzzy mappings which contains the class of all fuzzy
super continuous mappings and contained in the class of all fuzzy g-super continuous mappings.

Definition 2.1: A mapping f: (X,7)—(Y,c) is said to be fuzzy w-super continuous if the inverse image of every
fuzzy super closed set of Y is fuzzy w-super closed in X.

Theorem 2.1: A mapping f: (X,t)—(Y,c) is fuzzy w-super continuous if and only if the inverse image of every
fuzzy super open set of Y is fuzzy w-super open in X.

Proof: It is obvious because f *(1-U)=1-f (U) for every fuzzy set U of Y.

Remark 2.1: Every fuzzy super continuous mapping is fuzzy w-super continuous, but the converse may not be
true for,

Example 2.1: Let X ={a, b} and Y = {X, y} and the fuzzy sets U and V are defined as follows
U (a)=0.5, U (b) =0.4,V(x)=0.5, V(y) = 0.5,

Let T = {0,U,1} and o = {0,V,1}, be fuzzy topologies on X and Y respectively .Then the mapping f:
(X,1)—(Y,c) defined by f(a) = x and f(b) =y is fuzzy w-super continuous but not fuzzy super continuous.

Remark 2.2: Every fuzzy w-super continuous mapping is fuzzy g-super continuous, but the converse may not be
true for,

Example 2.2: Let X = {a, b} and Y = {x, y} and the fuzzy sets U and V are defined as follows
U () =0.7, U (b) = 0.6,V(x) = 0.6, V(y) = 0.7,

Let == {0,U,1} and ¢ = {0,V,1}, be fuzzy topologies on X and Y respectively. Then the mapping f:
(X,1)—(Y,c) defined by f(a) = x and f(b) =y is fuzzy g-super continuous but not fuzzy  w- super continuous.

Remark 2.3: Every fuzzy w-super continuous mapping is fuzzy sg-super continuous, but the converse may not
be true for,

Example 2.3: Let X ={a, b} and Y={x, y} and the fuzzy sets U and V are defined as follows
U (a) =0.5, U (b) = 0.4 ,V(x) = 0.5, V(y) = 0.3,

Let t={0,U,1} and c={0,V,1}, be fuzzy topologies on X and Y respectively. Then the mapping f: (X,7)—(Y,0c)
defined by f(a) = x and f(b) =y is fuzzy sg-super continuous but not fuzzy w-super continuous.

Remark 2.4: Remarks 1.4, 1.5, 1.6, 3.1, 3.2 and 3.3 reveals the following diagram of implications:
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fuzzy super continuous = fuzzy w-super continuous = fuzzy g-super continuous

U U U

fuzzy semi super continuous = fuzzy sg-super continuous = fuzzy gs-super continuous

Theorem 2.2: If f: (X,1)—(Y,0) is fuzzy w-super continuous then for each fuzzy point xg of X and each fuzzy
super open set V of Y such that f(xs) €V then there exists a fuzzy w-super open set U of X such that xz € U and
f(U) <V.

Proof: Let xg be a fuzzy point of X and V is fuzzy super open set of Y such that f(xg) € V, put u=f
1(V).Then by hypothesis U is fuzzy w-super open set of X such that Xg € Uand f(U) = f(f
1

V) <V

Theorem 2.3:If f: (X,1)—(Y,c) is fuzzy w-super continuous then for each point Xz € X and each fuzzy super
open set V of Y such that f(xg),V then there exists a fuzzy w-super open set U of X such that xg,U and f(U) < V.

Proof: Let xg be a fuzzy point of X and V is fuzzy super open set such that f(xg)qV. Put U= f1(V).Then by
hypothesis U is fuzzy w-super open set of X such that xg,U and f(U) = f(f V) <V.

Definition 2.5: Let (X,t) be a fuzzy topological space. The w- super closure of a fuzzy set A of X denoted by
wscl(A) is defined as follows:

wscl(A) = A{ B: B > A, B is fuzzy w-super closed set in X }
Remark 2.3: It is clear that, A < gscl(A) < wscl(A) < scl(A) for any fuzzy set A of X.

Theorem?2.4: A mapping f: (X,1)—(Y,o) is fuzzy w-super continuous then f(wscl(A)) < scl(f(A))
for every fuzzy set A of X.

Proof: Let A be a fuzzy set of X. Then cl(f(A)) is a fuzzy super closed set of Y. Since f is fuzzy w-
super continuous f(cl(f(A)) is fuzzy w-super closed in X. Clearly A < f*cl(f(A))). Therefore
wel(A) < wel(FH(cl(f(A))) = F1(cI(f(A))). Hence f(wcl(A)) < cl(f(A)).

Definition 2.6: A fuzzy topological space (X,t) is said to be fuzzy w-Ty, if every fuzzy w-super closed set in X
is fuzzy semi super closed.

Theorem 2.5: A mapping f from a fuzzy w-Ty, space (X,t) to a fuzzy topological space (Y,oc) is fuzzy super
continuous if and only if it is fuzzy w-super continuous.

Proof: Obvious.

Remark 2.4: The composition of two fuzzy w-super continuous mappings may not be fuzzy w-super continuous.
For

Example 2.2: Let X ={a, b}, Y = {X, y}, Z= {p, q}and the fuzzy sets U ,V and W defined as follows: U (a)
=05 ,U(()=04VX)=05 ,V(y)=03 W (p)=06 ,W(q)=04 Let t={0,U,1}
and o = {0,V,1} and p ={0,W,1}be the fuzzy topologies on X ,Y and Z respectively. Then the mapping f:
(X,1)—(Y,0) defined by f(a) = x and f(b) = y and the mapping g:(Y,c)—(Z,1) defined by g(x) = p, and g(y) = q.
Then fand g are w-super continuous but gof is not fuzzy w-super continuous. However,

Theorem 2.6: If f: (X,1)—>(Y,o0) is fuzzy w-super continuous and g:(Y,c)—(Z,u) is fuzzy super continuous .
Then gof : (X,1)— (Z,u) is fuzzy w-super continuous.
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Proof: Let A be a fuzzy super closed in Z then g™ (A) is fuzzy super closed in Y, because g is super continuous
Therefore (gof) *(A) = *(g™(A)) is fuzzy w-super closed in X. Hence gof is fuzzy w-super continuous.

Theorem 2.7: If f: (X,7)—(Y,o) is fuzzy w-super continuous and g:(Y,c)—(Z,u) is fuzzy super continuous is
fuzzy g-super continuous and (Y,oc) is fuzzy Ty, then gof: (X,t)— (Z,u) is fuzzy w-super continuous.

Proof: Let A be a fuzzy super closed set in Z then g*(A) is fuzzy g-super closed set in Y because g is g-super
continuous. Since Y is Ty, g(A) is fuzzy super closed in Y. And so, (gof) *(A) = f1(g™(A)) is fuzzy w-super
closed in X. Hence gof: (X,t)— (Z,u) is fuzzy w-super continuous

Theorem 2.8: A fuzzy w-super continuous image of a fuzzy w-compact space is fuzzy compact.

Proof: Let f: (X,1)—(Y,oc) is a fuzzy w-super continuous mapping from a fuzzy w-compact space (X,t) on to
a fuzzy topological space (Y,c). Let {A;:ic A} be a fuzzy super open cover of Y. Then {f *(A;: icA)} is a fuzzy
w-super open cover of X. Since X is fuzzy w- super compact it has a finite fuzzy sub cover say f *(A,), f
YA £ (AW} Since fis on to {AyA,,..... A} is an super open cover of Y. Hence (Y,o) is fuzzy
compact.

Definition 2.7: A fuzzy topological space X is said to be fuzzy w- super connected if there is no proper fuzzy set
of X which is both fuzzy w-super open and fuzzy w-super closed.

Remark 2.5: Every fuzzy w- super connected space is fuzzy super connected, but the converse may not be true
for the fuzzy topological space (X,t) in example 2.1 is fuzzy super connected but not fuzzy w- super connected.

Theorem 2.9: If f: (X,t) —(Y,0) is a fuzzy w-super continuous surjection and X is fuzzy w- super connected
then Y is fuzzy super connected.

Proof: Suppose Y is not fuzzy super connected . Then there exists a proper fuzzy set G of Y which is both fuzzy
super open and fuzzy super closed . Therefore £*(G) is a proper fuzzy set of X, which is both fuzzy w-super open
and fuzzy w-super closed in X, because f is fuzzy w-super continuous surjection. Hence X is not fuzzy w-
connected, which is a contradiction.
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