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ABSTRACT: In this paper, we consider an extension of perturbations to semi-Markov control problems. We
then study process perturbations in which the instants between transitions are random variables. The
discounted semi-Markov control problem and the limiting average semi-Markov control problem are
considered. We proceed to a perturbation on the law transition probabilities and the discounted factor. For this,
we consider the particular case where the transition time of the original semi-Markov process is a random
variable that follows an exponential law.
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I. INTRODUCTION
In the case of Markov decision problems, the times between two consecutive decision time points are
equidistant. In this paper, we consider perturbations of processes, such as the times between transitions are
random variables. These processes, called semi-Markov control (or decision) processes, were introduced by De
Cani [18], Howard [22], Jewell [26] and Schweitzer [27].

I1. DEFINITIONS AND PRELIMINARIES
A Semi-Markov Control Process (SMCP, for short) is observed at decision time points t= 0, 1, ...; starting at
t=0. At each decision time point, the system is in once of a finite number of states and an action has to be
chosen.
Let S:={1, 2, ..., N} be the state space, and for each s € S let A(s) be the finite set of possible actions in state s.
If the system is in state s € S and an action a €A(s) is chosen, then the following occurs independently of the
history of the process:
i) The next state s’ of the process is chosen according to the transition probability p (s’/s, a).
ii) Conditional on the event that the next state is s’, the time until the transition from s to s” occurs is a random
variable with probability distribution F (. /s, a, s”).
iii) If the next decision time point falls after T units of times, then the reward in this epoch is denoted by r
(t,s,a).
The transition law p satisfies:
p(s’/s,a) =0,s,8 €S,aEA(s)and Yo esp (s’/s,a) =1,5€ S, a € A(S).
A decision rule 7" at time t is a function which assigns a probability to the event that any particular action is
taken at time t. In general 7' may depend on all realized states up to time t, and on all realized actions up to time
t-1.
Let h, = (So, 8,51, A1, ..., a1, Sy ) be the history up to time t where ag€ A(Sp ), ..., a1 € A( Se1), then it (hy, . ) is the
probability distribution on A(s, ), that is, m*(h,, a;) is the probability of selecting the action a, time t, given the
history h,.
A strategy T is a sequence of decision rules = (n°, !, ..., 7t ...).
A semi-Markov strategy is one in which mtdepends only on the current state at time t.
A stationary strategy is semi-Markov strategy with identical decision rules.
A deterministic strategym is a stationary strategy whose single decision rule is nonrandomized: (For any se S,
there exist a;& A(S) such that, m(s, as) = 1).
Let C, Cs and Cp denote the sets of all strategies, all stationary strategies and all deterministic strategies
respectively.
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If Cy is the let of all semi-Markov strategy, then:
CpcCs= Cy=C.

I11. DISCOUNTED EXPECTED CRITERION
In order to insure that an infinite number of transitions does not occur in a finite interval, we shall assume
throughout that the following condition holds:
Foralls,s” €S, and a € A(S),

f0+°° e *dF( t/s, a, s’) < 1; (wherea is a fixed positive real number).(3.0)
Note that f0+°c e f( t/s, a, s”) dt represents the expected discount rate.

For any strategy m € C and any initial state s € S, we define the expected discounted reward V(s, ) by:

V(s, )= Ex[ Xo_o(e" )Tt it +i—1r (t X, Y, )/ Xo =s ];wherety + 11 + -+ + 1,1 := 0 for n=0, and t,is
the time between the n-th and the (n+1)-th transition.

Xhis the observed state at time point Ty + t; + -+ 4+ T,_1

Y, is the chosen action at time point Tty +t; + -+ 1,1

Forany s € Sand me C, we pose:

Vo(s, )=(1-e7*)V (s, m)

The discounted semi-Markov control problem is defined by the following optimization problem:

V,(s):= max e V,(s,m),s €S.

A strategy m° is called optimal (or a-optimal) if for all s € S,

V,(s) =V, (s, ).

Remark 3.1

It is well known that there exists an optimal deterministic strategy and there are a number of finite algorithms
for its computation (e.g., Kallenberg [15], Ross [24]).

For every s, s’€ Sand aE A (s), we denote by f(t/ s, a, s’)the probability density of the distribution F (t/ s, a, s”).
We define: for all s, s> € S and a€ A ()

F(s,a):=Yyesp(s/s @) [ r(ts,a)f(t /s, a,57) dt (3.1)

p(s’/s,a):=p(s’/s, a) f0+°° e ™ f(t /s, a,s’)dt. (3.2)
The following two results can be derived (using analogous proofs) from Kallenberg [15] or Ross [24].

Lemma 3.1
For any deterministic strategy ™ € Cp and s € S,
Vo(s,m) = (1 — e )I(s, (s)) + Xges P (s7/ 5,1(s)) Vu(s,m).

Lemma 3.2

Forany s € 5, Vo (s) = maxaeps){(1 =€) (s,a) + XyesP (s7/ 5,@)) Vo (sI}-
Let I be the Markov control process defined by:

I :=<S,{A(9), s€ S}, p, (1- e™)F >.

We define:

A= max{f(;roo e”“f(t /s,a,8")dt,s,s° €S, aEA(S)}.

Remark 3.2
Note that from the condition (3.0), it followsthat 1< 1.
By using the definition (3.2)of , we have that for any s €S and &€ A(s),
1-Feesp (5'/sa)=1-F,..op(s /s, a) fn+mg'“r.f{ t /s,a,s)dt
=1-4
=0.
Then Z.e5P (5'/s.a) <1,forallse Sand a €A (s).
From lemma 3.2, we derive that for any s € §, ¥; ('s) can be interpreted as the optimal value in state s for the
MCP T.
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IV. LIMITING AVERAGE CRITERION
For any strategy 7¢ € € and initial state s S, the limiting average reward J (s, 7r) is defined by:

J(s,m): =lim,_,__ inf| % Jr (s,7T);
where J1 (5,7r) denotes the expected reward in the interval [0, T] when the strategy 7t is used and the initial

state is s. That is: )
Js,m):=E_ [Z""nr(tﬂ, X,.Y,)/ Xy =5]

n=0
where, n(T):=max{n/ g+ 1y + "+ 11+, <T }.
Foranys = Sand a = A (s); the holding time and the immediate reward are defined respectively by:

+ oo
(s, a) =X, .cp(5' /s a) fu tf(t /s,as)dtandc (s,a): =1 (T(s, a),s, a).
Throughout this Section, it is assumed that: forall s €5 and a € A(s)
0<t(s, a)<co,
The limiting average semi-Markov control problem is defined by the following optimization problem:

J(s):=max__J(s ) 5 ES.

A strategy 7r° is called optimal if:

J(s, ) =J(s)foralls € S.

It is well known that there exists an optimal deterministic strategy and there are a number of finite algorithms
for its computation (e.g., see Kallenberg [15], Ross [24]).

We note that any limiting average semi-Markov control problem can be described by:

S;{A(s),sES}p T, C.

5- Perturbations (DiscountedCase)

We considera SSM.C.PT: =< S, {A(s), SES }, p, T. T ==

The case of the disturbance of the transition probabilities and the probability density associated with the
transition time has been studied (see [3]).

We consider the situation where the law of transition probabilities p and the discounted factor are disturbed, and
we pose:

p.(5' /s a)=p@s/s a)+£ds/s, a);s, s ES,aE A®S);

e ™" = (1-!—1_;15) ; where,u > 0 ,& €]0,&[, &is a fixed positive real number. (4.0)

It is assumed, as in the case of M.C.P, that the perturbed probabilities:

P, (s’fs, a)/s,s” £ S, aE A(s)] are transition probabilities.

IfT" is the original semi-Markov decision process, then we denote byI; the disturbed S.M.D.P.

According to Lemma 3.2, the valueW, (optimum ofI;,) must verify the optimality equation:
For all s€ S,

W (s)=max e oo T (s, @ Ze es(p + £d )55 ) ™ o f (8 /58 )0t We(s)),

14 (14+pe)t
WhereF (s, a) =2 -s(p + =d ](s’/s,a)_lru-h:'C r(tsa) f(Us, a,s’)dt; foranys €S, aE A(s).
We can write: forany s £ S, aE A(S);
F(s,a) = Toospsls )y r(tsa)f(t/sas)d
+E8X cod (s')s, a)_lfm r(t,s a)freal (t/s, a ") dt.
Ifr (s, a)= Zs- egd (s'/s, a)_r;m T(t, s,a) f(t/s,a,s’)dt, (sES, atc A(S)),
The optimality equation becomes:

Forall s € S,

BE

W ()=max,e s (offhr [Fe(5,0)+ €74 (53]
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+ oo 1
+ Tees® Hed)shsafy  omif(t/s a) W) @.1)
Remark 4.0
+ oo 1 ) _ 1 , . .
'ffu —,:H#E:,rf(tf& a,s’)dt= Tope forall s, s’E §, a& A(s), then 4.1will become:

Foranys €S, (1 + ps) W (s) =max__ o {pne [F(s,a)t £74(s, )]

+ Lees(p+ed )5 Ws)} 4.2)
Starting from (4.2), we obtain an analogous equationto [2.3] (see [1],(case of disturbance of Markov control
problems) :

—epV(s) +max {[G (7). V](5)+
per(s,T)} = 0foralls €S, [2.3]

Particular case
We will now consider a special case that leads to equation [2.3], seen in [1].
For this, suppose that the transition time of the original semi-Markov process is a random variable that follows

an exponential law of parameter:

g% -1

So, we can write:

Foralls,s’ €S, aE A(s)and t= 0,

f(t/s,a5)= z—e ‘Z—)t. (4.3)

e® —1 e —1

Furthermore: _Ir:mC e “f(t/s a s )dt=e"%

The expression (4.3) induces a perturbation of the probability density f which depends on the factor
1

e %= (see (4.0).

T (1+pe)
Considering equation (4.1), write the following whole series development:

(14 ps)"t= E“Eu%t[t —1)..(t—n+1)u"e"

We have that: .
Zees(p+ed )sna)f)” F(t/sas) dt W (s)=
1"

2oesipted j(s’/s,a)f;“( Eﬂaﬂ':_T t(t—1)..(t—n+1)p"")f(t/s, a5)dt W_(s).

Under the convergence hypotheses and according to the theory of generalized integrals, the sum and integral
signs can be inverted in the previous equality; he comes then:

Toes(P+ed )oha) ) T f(t/sas) dW(s) -

(1+pu=)t

Toes(P+ed )0 W) Zees(p+ed ) lsa)(—pe) [T tF (/s 0,5) d W ()
2.2
+(E 0Ty es(p+2d )orsa)f; Tt (8= 1)f(tfs.a.9) W (s)

3_3
+( £= jEs- cglp+&d ](s’/s,a)fu+m t(t—1)(t—2)f(t/s,a)dtW_()+..

3!

+( Hj}js. eslp +ed j(s’/s,a)j;“ t(t—1)(t—2)..(t—n+1)f(tfs, a s) dt W)+

n!

1
(1+pu=)t

R, (p=); whereR,, (ges)is the rest of order n.

In this last equality we used the relationship:
[T7F(t/s.a.9) dt=1, (Forall s, € Sand a EA(S)).
We then obtain:

Forall s, s’ £ Sand aE A(s),

Tyes(p+ed)sisa) [T mf[m, a, ) dt W_(s) =
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ZoesPteE(ds/s,a)—pp (s /s, a) _Ir;m tf(t/s,a, ) d)+ 2 (- d (s’ /s, a) _Ir;m tf(t/s, a s)dt
2
+'u?p (s /s, a) _Ir;m t(t—1)f(t/s,a,)db)
2
+ .5'3((#—d (s’ /s, a) _Ir+lI t(t—1)f(t/s,a,s)dt
[ )d(s /s, a)_Ir t(t—1)(t—2)f(t/s,a,5)dy)

f— -1
+. +£( 'u}

A s, a)_Ir t(t—1).. (t—n+1)f(t/s,a ) dt

+— I} p(s’/s,3) fu t(t—1).. (t—n+1)f(t/s,a,)dt+R, (u=)] W(s).

LetnE N*.Fori €2, n], we pose: (foralls,s’ €S, aE A(S));
_ }: 1

d,(s’ /s, a)— Td(s'/s, a)_lr t(t—1).. (t—i+ 2)f(t/s,a,)dt

+':If§! p(s’/s,a)f;“ t(t—1).. (t—i+ 1)f(t/s.a ) dt and:

dy(s’/s,a=d(s’/s,a)-fp(s’/s,a) _Ir;m tf(t/s,a, ) dt
We can then write:
Foranys £ S;

W (s)= max__ 5}{ T(s.a)+ €74 (s,a) + Ly cs[P(s'/s,a) + edy(s'/s, 2)

1+puc [:
+£2d, (s /s, a)+ &3dg(s’ /s, a) + ... +e"d, (s / s,a)+R,, (UE)] W (s)}.  (4.4)

We note that in (4.4), the term in brackets represents a perturbation of order greater than 2 ine.

Moreover, the ergodic structure of the semi-Markov process can be modified by a strategy of C.

Thus, if the condition of decomposability is not verified, we will not be able to apply a method analogous to the
algorithm of the improved strategy that we developed in the case of Markov Decision Problems (see [1]).

We can conclude that the perturbations of Semi-Markov processes present more difficulties than the case of
Markov Control Problems.
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