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I. PYTHAGOREAN NUMBER
Theorem 1. x.y.z€Z, (Z is set of integers), x>>2, equation x*+y’=z> (1), at least has a group of solution.
Proof. x*=z*—y’=(z+y)(z—Y).
(i) when x=2m+1, meZ,, m such that (z+y)(z—Yy)=(2m+1)? holds.
Setz—y =1, z+y=(2m+1)% we have x=2m+1, y=2m*+2m, z=2m°+2m+1.
(i) when x=2m, and m>2 , m such that (z+y)(z—y) =4m°holds.
Setz—y=2, z+y=2m?, we have x=2m, y=m?—1, z=m?+1. O
Satisfied ( I ) Three positive integers X, y and z are called Pythagorean number.
Example 1. Write Check Pythagorean number based on the following number.
L 37, (2) 40.
Answer: (1) Setx=2m+1=37, we have m=18. y=2m’+2m=684, z=y-+1=685.
Then 37°+684°=685;
Set z=2m°+2m+1=37, thenmeZ; Sety=m°—1=37, then me Z;
Set z=m°+1=37, we have m=6. x=12, y=35. Then12*+35°=37.
Therefore, we can have two groups of Check Pythagorean number.
(2) Set x*=(2m)*=4m’=1x1600=2>800=4>400=5>320=8>200=10>160=16100
=20>80=25>64=32>50=40>40.
Setz—y=2, z+y =2m°=800, we have x=40, y=399, z=401;
Setz—y=4, z+y =2m°=400, we have x=40, y=198, z=202;
Set z—y=8, z+y =2m°=200, we have x=40, y=96, z=104;
Set z—y=10, z+y =2m?=160, we have x=40, y=75, z=85;
Setz—y=16, z+y =2m?=100, we have x=40, y=42, z=58;
Set z—y=20, z+y =2m?=80, we have x=40, y=30, z=50;
Set z—y=32, z+y =2m°=50, we have x=40, y=9, z=41;
Setz=m’+1=5, m=2, we have 4°+3°=5?, 32%+24°=40% x=32, y=24, z=40.
Therefore, we can write 8 groups of Check Pythagorean number based on 40.
Theorem2 x. y. z. l€Z,, equation x’+y* +z°=I" at least has a group of solution.
Proof. 1%+2%+2%=3% x>2, by the theorem 1,
XC+y’=2.%, 7,>2. 7%+ 7°=1%. we have x*+y? +7°=1% 0
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x>3,
x=2m+1 x=2m(m is an even number) x=2m( 'm is an odd number of)
y=2m%+2m y=m?—1 y=m?—1
z:% [(2m 2+2m+1) 2—1] z:%[(m 1)1 Z:%(m 1)1
|:%[(2m 2+2m+1) 2+1]; I:%[(m 2+1) 2+1]; |=%(m 241) 241,

Theorem 3 XE€Z,, N>3, equation X;’+ X2 + = + X,°= Xn+1 2 at least has a group of solution.

Il. CONGRUENCE THEORY
Prove the theorem4using Congruence theory.
Theorem 4. If a,beZ, and not both are 0, Then there exists x, y€Z such that ax+by=(a, b) holds.

b a b

Proof. Form ax+by=(a, b), we have 2 x4 =1 ,matk m=——, n= , then we have
(a,b) (a,b)

@b (@b’

mx+ny=1.
Suppose that A is complete residue system of m, Since (m, n)=1, nA is also the complete residue
1-ny
m

€”Z.

system of m, then therenA exists na; and 1 in A such that na;=1(modm)holds. Take y=a;, then x=

N
I11. ONE-PLACE CONGRUENT EQUATION SOLUTION

3.1. Prime Number Module of Higher Degree Congruence Equation
Lemma 1. (J.L.Lagrange theorem) n(<<p) congruence equation f(x)=0(modp) ((p,a,)=1) (1I),
necessary and sufficient condition of n different solutions is: x°—x=q(x)f(x) (mod p).

Theorem 5. n(<<p)congruence equation f(x)=0(modp) (1I), necessary and sufficient condition of having

a solution:
f(x)=q(x)r(x)=0 (mod p), and x*—x=g(x)f(x)+r(x)=0(modp).
If the degree of r(x) ism, (II)has m different solutions. m<n.
Proof. f(x)=q(x)r(x)=0 (mod p), x°—x=g(X)f(x)+r(x)=r(x)[ g(x)q(x)+1]=0 (mod p). By the lemma 1,
r(x)=0 (modp) has m different solutions. So (II') has m different solutions. Necessary is obvious. O
Example 2. Solve equation f(x)=0 (mod 7).
fO)=2x1+6x" %+ X +5x 2+3x M +2x %4+ X +5x8+2x +3xC+4x +6X3+AxP+x+4.
Answer: f(0)#0(mod 7), f(X)=( x*—1) g1(x)+r1(x) (mod 7).We have,
91)=2x"—x"0%4+ x3—2 X2 —2 5+ x*+ X3 —x%+2 x—2, 11 ()= X°—2 X" +3 x°+3 x+2.
Xe—1=r,(X) go(X)+ ra(X) (Mod 7). where, go(X)=x+2, r(X)=x"+ x*+3x*—2 x—3(mod 7).
r1(X)=rz(X) gs(x) (mod 7), so r3(x)=0 (mod 7).
The solution of r,(x)=0 (mod 7) is different with the solution of f(x)=0 (mod 7).
X®—1=(x*—x—2)r,(x) (mod 7), the solution of x*—x*—2x=0 (mod 7) is x=0, —1, 2(mod 7).

The different solutions of f(x)=0 (mod 7) is complementary with the solution of x*—x*—2x=0 (mod 7).
The different solutions of f(x)=0 (mod 7) is x=1,—2,43 (mod 7).

x=a(modm)
x=Db(modn)
x=a(modm)

3.2. Equations{ (IIT), the necessary and sufficient conditions for solvability

Theorem 6.Equations 4 mod (II), the necessary and sufficient conditions for solvability is:
a+mt=b (mod n) (or b+nt=a | %oa) m% teZ.
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if so, the solution is (IIT) x=a+mt(mod[m, n]) (or x=b+nt(mod[m, n])).
Proof. x=b=a+mt(mod n), x=a+mt(mod m). so x=a+mt(mod[m, n]).

x=a+mt(mod[m, n]), so x=a+mt(modn), and x=b(mod n). so a+tmt=b (mod n). 0
x=b,; (modm;)
Theorem?. Equations (IV), the necessary and sufficient conditions for solvability
x=by, (modmy,)
iS:by+maty+[my,mo] to+ - +[ My, my, -, my] t=bii(modmiy), i=1,2, -,n—1.

If so, the solution of (IV)is :x=by+mati+[my,my] to+ = +[ My, My, —, My ] tha(mod[mg, my,~, my]).
Proof . by the theorem 6, n=1,2 the proposition is true. Ifn=k we suppose the proposition is true.
The solution of(IV) is: x=by+myt;+[my,my] to+. ..+ My, My,...,Mi 4] tea(mod[my, mo,....my]).

tyq satisfy by+mti+[mg,m,] to+.. .+ my, My, ..., Myq] ta=be(modmy).n=k+1, we have
{ X=by1(modmy.1) (+)
x=by+mati+[my,my] tot.. .+ my, My, s Mga] tea(mod[me, my, L., my]).

By theorem 6, t the solution of by+myty+[my,m,] to+... 4+ My, my, ..., m] ti=biri(modmis,). (4)is the
solution of (IV), then the solution of(IV)is :
x=by+mty+[my,my] to+... [ my, my, o mi] te(mod[my, My, Lo, Mied]).
Then n=k+1, the proposition is true. 0
x=1(mod15)
Example 3. Solve the system< x=—2(mod12) .
x=6(mod10)
Answer: 1+15 t;=—2(mod 12), t;=—1; 1+15t;+60 t;=6(mod 10), t,=0.
the solution for the system is x=1—15=—14=46 (mod 60).
3.3. Congruent equations group Mode expansion

f(x):Zaix”" , &€Z, a#0, (ap, ai, ..., an)=1, f(x) for the simplest polynomial with integer
i=0
coefficients.

f=r; (modm)

Theorem 8. For System {
f=r,(modn)

(V), it has solution when satisfy the necessary and sufficient
condition:mt+ ry=r, (mod n) (or nt+ r,=r; (mod m)).

The solution for system (V) is f=mk+ r;=r, (mod[m, n]).

NOTICE: Here,f, ry, 1, t,m, nisthe minimalist integral coefficient polynomial, 6°r;<<&°m, &°r;
< ¢°n(o°f( x)for the number of x).
Proof. set f=r,=mt+ r; (mod n), x=mt+ r; (mod m). such that: f=mt+ r; (mod[m, n]).
f=mt+ r; (mod[m, n]), such that f=mt+ r; (mod n), f=r, (mod n). hen we have:mt+ r;=r, (mod n). O

f()=ri(mod gi(x)) @
Example 4. Solve the system JE(X)ErZ(mOd %(x) @.
f(x)=rs(mod gs(x)) @

Here, r(X)=13x*—8x+26, g1 (X)=x>+2X*+3; ,(X)=105x—60, go(X)=X*—4x+2; r3(X)=52, gs(X)=x+2.
Answer:  Set g1(X) p(X)+ ri(X)=r(mod gx(x)), it is (22x—9) p(x) —61x+60=0(mod g,(x)), then we have:
—61x+60£0(mod g,(x)), 6°(22x—9)=1, &° (92(x))=2.

Set p(x)=ax+h, we have :(22x—9)(ax+b) —61x+60=22ax"— (9a—22b+61)x — (9b—60)=c(x’ —4x+2)(mod
g2(x)), because 22a=c, 9a—22b+61=4c, 9b—60=—2c, then we have a=3, b=—=28, therefore p(x)=3x—8.
So the solution for equations M&®2 is f(x)=g1(X) p(x)+ ri(x)=3 x*—2 x*—3 x*+ x+2(mod g(X)g2(x)),
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because 3 x*—2 x}*—3 x*+ x+2=52(mod gs(X)), the solution for the system is f(x)=3 x*—2 x*—3 x*+
x+2(mod g1(x)g2(X)ga(x))-

IV. THE SOLUTION OF QUADRATIC CONGRUENCE EQUATION
4.1. The solution of quadratic congruence equation for a odd prime module
Theorem 9. p is a prime number, for equations, X’ =b (mod p) (VI), x EipT—l (mod p) (VII),

(V) is the a solution of (V1) , here: p=4n+1, b= —T ; p=4n+3, b=—- p+l

(p- 1) L1

1 p(i 2 =0 (mod p);

4
(p—1)2
(i) p=4n+3, X*—b=" 4 —pT_ (p4 3) _

From Lemma 1, (VII) is the solution of (VI). O

Proof. (i) p=4n+l, x*—b=

= =0(mod p).

Definition 1. p is a prime number, then x*=b (mod p) is called x EipT—l (mod p) benchmark equation.
Theorem 10. p is a prime number, (p, a)=1, x’=a (mod p). (VII)

(i) a=b (mod p), the solution of (VII) is x EipT—l (mod p);

(i) a#b(mod p), the necessary and sufficient condition for eugtion (VIl) has solution is m(m+1)=a—b
(mod p). m=1,2,---, n—1.

If that, the solution for equation (VII) is x —ﬂ:(— —m) (mod p), when p=4n+1, b——T p=4n+3,

b:p_+1_
4

Proof .(i) if a= b (mod p), it is obvious that equation (VII) is the solution of equation (VI) and (VII).
(i) ifa# b (mod p),

_.p-1 . : 2 _ p-1 2 -0’ _ )
x:ﬂ:(T —1) (mod p) is the solution of x“ =b +(T —1)— =b+1>2 (mod p);

_.p-1 . : 2 _ p-1 2 (p—l)z_ )
x:ﬂ:(T —2) (mod p) is the solution of x° =b +( T —2) — =b+2>3 (mod p);

_ p -1 . . 2 _ p -1 2 M _ _
x:ﬂ:(T —m) (mod p) is the solution of x° =b +(T —m)*— 4 =b+ m(m+1) (mod p), m=1,2, ---,
n—1.

Therefore, xzi(pT_l —m) (mod p ) is the solution of equation (VII). 0

m(m +1) is the product of two consecutive integers, product of two consecutive integers single-digit
just could be 0,2,6. In general, we need only check three numbers.
Example5. Solve these equation
(1) X*=11 (mod 43); (2) x’=73 (mod 127).
Solution: (1) pT_l=21, b=pT+1=11. x’=11(mod 43) is the benchmark equation for eqution x=+21(mod
43). The solution of (1) is x==21(mod 43).
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2 pT—l =63, b= pT+1 =32. x’=32 (mod 127) is the benchmark equation for eqution x=+63 (mod

127), set m (m+1) =127k+(73—32) =127k+41. k=3, 5, 7, such taht k=7, 127k+41=30>31, m=30, pT‘l

—30=33, The solution of (2) is x=+33 (mod 127).
4.2. The solution of quadratic congruence equation for module p
P is a prime number x’=a(mod p) ,(p, a) =1. (IX)
Make (IX) as below system:
f(x)=x*—a=0 (modp), @
f(x)=0 (mod p), @

f(x)=0 (mod p¥) . ®
Lemma 2. Necessary and sufficient condition for equation (IX) has solution:
£/ (%) p' ti+ f(x)=0 (mod p'™"), i=1, 2, --- k—1.

Since ' (x)=2 X, x; p' ti+ f(x;)=0 (mod p""). 2xt, +L)i(‘) =0 (modp). (k)
p

(x> p)=1, (2, p)=1, (2 x> p)=1, i=1, 2, ---, k—1. If equation (%) has only two solutions, it means anyone
of equations @, @, ..., ® has only two solution, then the way to get the solution of quadratic
congruence equation for module p*is the same as module p (p is a prime number).

Theorem 11. p is a priem number, (p¥, a)=1, x’=a (mod p") (IX)

p* -1

(i) a=b (mod p), the solution of (IX) is x =+ (mod p");

(ii) a#b(modp®), the necessary and sufficient condition for eugtion (IX) has solution is m(m+1)=a—b
(mod p*). m=1,2, ...,n—1.

k —
I that , the solution for equation (IX) is x = (-2 2_1 —m) (mod p"), when p* =4n+1, b:—loT1 :p¥=4n+3,

k
Definition2. p is a prime number, for x =+ p2—1 (mod p¥)x2=b (mod p“) is called its benchmark

equation.
Example 6. Solving equation x*=11 (mod 5°).

3 3
51 gy p_5-1

Dissolve: =—31. For x=+62(mod 5%),x’=—31 (mod 5°%) is named as its benchmark

equation.

3
-1 _ =62—6=56.

m(m +1) =5%+(a —b) =5°k+6%7. k=0, m=6,

The solution of the original equation is x=+56(mod 5°).
4.3. Mold is the solution of quadratic congruence equation of 2
x’=a (mod 2%, (2, a)=1 (X).

k =1, (X) has the unique solution x=1 (mod 2); k = 2, the sufficient and necessary condition that (X) is
of solvability is: a=1 (mod 2°). If this, the solution of (X) is x=21 (mod 2%); k>3, the sufficient and
necessary condition that (X) is of solvability is: a=1(mod 2°). If this, (X) has 4 Solutions. If x=a is one
solution of (X), then all solutions of (X) are x=+a, Ha+2") (mod 24.
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Definition3. for x=£(2k—1) (mod 2¥) ,x’=(2k—1) %=b (mod 2") (k>3) is called as its benchmark equation.
Theorem 12. x’=a (mod 2), (2, a)=1 (X).

(i) if a= b =(2k—1) ? (mod 2"),the solutions of equation are x=+(2k—1)and x=+(2k—1+2*") (mod 2").
(ii) if a# b(mod 2“)and the necessary and sufficient condition of equation having the solution is (m+

k)(m+ k—1)=k(k—1) +E"T‘b (mod 2?) x=+[(2k—1)+2m]and H(2k—1)+2m +2**] (mod 2*?) are called

as the solutions of equation.
Proof. For x’=(2k—1) %=4k(k—1)+1=b (mod 2) (k>3),x=+t(2k—1) (mod 2") are called as its solutions
of equation.
(i) if a= b (mod 2%), the solutions of equation are x=+(2k—1) and x=+(2k—1+2"*) (mod 2).
(ii) if a£ b (mod 2¥) and the solution of equation is x=+(2k—1)+2m (mod 2), we can get
[(2k—1)+2m] =4(m+ k)(m+ k—1)+1=a (mod 2Y).
When b—a=4k(k—1)—4(m+ k) (m+ k—1) (mod 2*) ,k>3and8|(b—a), we have

(m+ K)(m+ k— 1=k(k—1) + ""T‘b (mod 2 .

(m+ k)(m+ k -1) is called as the product of two consecutive integers; in general, only three numbers
are checked out among ten numbers.
Example 7 Solve the following equation.
(1) x*=57 (mod 2%); (2) X’=145(mod 2°).
Solution: (1) k=6, 2k—1=11, x*=11%=57 (mod 2°) is benchmark equation of x=+11(mod 64).
The solution of (1) is x=+11, +(11+2%)=+11, 221 (mod 2°).
(2) k=8, 2k—1=15. x*=15%=225 (mod 2°) is benchmark equation of x=+15(mod 2°).

(m+ K—1)(m +K) =(m+7)(m +8) =22 n+ k(k—1)+ aT‘b =64n+36, Ny =0, 4, 6.

n=6, 64n+36=20>21, m+7=20, m=13. (2k—1)+2m=15+26=41.
The solution of (2) is x=+41, +(41+2")=+41, 487 (mod 2°).
4.4.The sum of the squares of the two Numbers
The prime number p is expressed as p=x*+y*(p=4n+1), according to the following steps.
(1) Solve equations x’=—1 (mod p).
p-1
(-1) 2 =(—1)*"=1,the equation has the solution. According to theorem 10, x=tx; (mod p) is the
solutions of equation.
(2) Seek the values of X, y by Euclid algorithm.

Calculate r=[/p +1], whenr,1<<r, r,<<r, rn,>r, make X=ry, y=Trn1, thenX’+y*=p.

Example 8. Write 233 for the sum of the squares of the other two Numbers. 89233
Answer: The solution of x’=—1 (mod 233) is x=+89(mod 233). 134, 551
r=[/233 +1]=16. Take x=13, y=8, then 233= 13°+ 8, 1L 281 !

V. ORIGINAL ROOT
5.1. The relation among original root and the simplified residue system .quadratic residue
Lemma 3 . (L.Eulerc riterion)Suppose p is odd prime numbers,
The necessary and sufficient condition for x is quadratic residue of mod p is:
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p-1

x 2 —1=0(modp);

L—I
The necessary and sufficient condition for x is not quadratic residue of mod p is: x 2 +1=0(modp).

Theorem 13. If ji,)» Pp)» 9 are the sets of simplified residue system .quadratic residue and
original root of odd prime numbers p, f(, =Ej(p) (P Y 9(p)) (where
Ej(p) represent complementary set).as in figure 1. q

Jep)

B . .
(if) If p—1=2*11%" , q;is odd prime numbers, then g, =l (P U fpy). figurel

(i) If p—1= 2%, then g =bi (0, that is fip)=a.
k

Proof. (i) p(p(p))= ¢(p—1)= p(2")= 2", card(gy)=2“"(card (A)represents the numbers of set A).
Xl—1=x" —1=(x*" —1)( x*” +1).From Lemma 3,

(a-1)

-1 o . o
Pp) ={ X|x*" —1=0(modp)}, card(p) )= pT =2%1, card(jp))=p—1= 2%

card(jg) —card(pg) )= 2 —2""= 2 =card(gy) ).

g ={ X +1=0(modp)}= iy (pe).

k Kk K
(i) p(P—1)=p@" Mq*)=2" 11" T1(g, —1) »

2 Tiqf! 20 Tigf 2069 i of K
x 2 -l=(c T =D(x 7t 4D markt,, =27 TIgf /g,
2(371).5‘1.’}' — (yt@) S TN @)y = [y 1) © )iyt @)Iy = = (yta) “ _1) yt@)i
X +1= (XY 1) (D) X @) = (x4 ) (D] (D) X = = (X + (D (<D X @)
i=0 i=0 i=0

Original roots are not in  x"* +1=0(modp), butin (XI).
-1
9oy ={ X (_JZO:(—l)i x“'=0(modp),i=1.2, ...k}l (P Ute). (XD ©
Since q,0p,...,0« are co-prime, The number of equations in (XI) is not equal. From theorem 5,
Seprate the factors not containing (ii) using (XI), we have gy=0(mod p).
Example 9. Solve the original roots of the following numbers.
(1 17; (2) 211
Answer: (1) ¢(p(17))= p(16)=8. x"°—1=(x*—1)( x*+1)=0(mod17).
Jan ={£1,£2,...,£8}, par) ={H,22,#4,48}, gur) ={43,45,36,18}.
(2) 9(210)= (2) 9(3) p(5) p(7)=48. x***—1=( x"®—1)( x'®+1).
X% +1=(PH(D)= (1) (@)= (x°+1) ().
D= X70—X35+1; @)= x4 x84 X42—X21+1; @)= x90 x84 580 45y (30 15
@ﬂ@=x56+x49—X35—X28—X21+ X+1. @
oo =@N@= X8y ATy A6 A2, 5 A1 (40, 39 36 (35, 34 (33,32 31 28 (26 .24
)P0 AT L1615 14 (181012009 Bio T BByt ®.
The 48 original roots of 211 are in gx=0(mod211).
X0 —=xP+1=( XM =X +1) O =X =X = xC+x+1) (B)), jioayy ={£1,£2,...,£105}.
fory ={ X|(X®+1) (X" —=x"+1)(x®+x" —=x°—x* —x*+x+1)=0(mod211)}.
Peuy={1,—2,—3,4,5,6,—7,—8,9,—10,11,—12,13,14,—15,16,—17,—18,19,20,21,— 22,
—23,24,25,—26,—27,—28,—29,30,—31,—32,—33,34,—35,36,37,—38,—39,—40,—41,
49
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—42,43,44,45 46,47, — 48,49, —50,51,52,53,5455,56, —57,58,59, — 60, — 61,62, — 63,64,65,66,
—67,—68,69,70,71,—72,73,—74,— 75,76,— 77,78,79,80,81,82, 83,84, —85,—86,87,—88,—89, —90,
—91,—92,93,—94,95,96,—97,—98,99,100,101, — 102,103, — 104,105}.

{ xx*®+1=0(mod211)}={—1,—5,8,—11,12, —13,18,23, — 25,27,28,40,42, — 55, — 58,60,63, — 64, — 65,
67,68,—71,—76,—79,82,86,—87,88,89,90, —96,97,98,102,104}.

{ x| x"—x"+1=0(mod211)}= {—14,15,26,31,32,33,— 34,38, — 43,50, —54,— 73,94,— 101}.

{ X XB+x" = —x*—x*+x+1=0(mod211)}={10,—19,—21,61,74,77,—83,— 100}.

gew= {2.3,—4,—6,7,—9,—16,17,—20,22,—24,29,—30,35,—36,—37,39,41, — 44, — 45, —46,—47,48,
—49,—51—52,—53,—56,57,—59,—62,—66,—69,—70, 72,75,—78,—80,—81,—84,85,91,92, —93,—
95,—99,—103,—105}.

5.2. The application of original root in factoring
2t/d,

If f2tdy) = > (-1)'x* ™ ,(XI) where d, is the approximate number of t, (4t+2d; +1) Is a prime
i=0

number.

The index number of x is arithmetic progression with tolerance dand coefficient (—1)' If number of
terms of (XII) is composite number, then (XI) is dissoluble. We discuss the case when the number of items
of (XII) is odd prime numbers.

d; is the approximate number of t, The index number of x is arithmetic progression with tolerance d;,
d, are different, the tolerance of the sequence are different, the number of terms of (XI) are
different ,Denote T, is the number of approximate number of t, the expression number of (XI) is Ty.
Theorem14. if P(P=4t+2d,+1) is a prime number,

(i) Ifp(4t+2d)=2t, then (XI) is not decomposable;
(i) If p(4t+2d;)<<2t, then (XII) is decomposable.

2t/d, 2t+d, 4t+2d, __
Proof. () f(2t,4) = 3. (-0 = Xxd( ++11 =5 11)(x2“dll—1) .

The original root of P is notin  x*** —1=0(mod p) and x* +1=0(mod p). if (X)can factor, then the
number of the original root of (XII) is smaller than 2t. this is contradict with ¢(4t+2d,)=2t. (i) is held.

(ii) g(x) is polynomial with integer coefficients. ¢(4t+2d,)<<2t, there exists polynomial with integer
coefficients f(x) in (XII), such that f(2t, d;) =f(x)g(x) hold. Therefore (XII) is decomposable. (ii) hold.

|
Examplel0. distinguish if this following formulas are decomposable, decompose those can be
decomposable.

(1) XlZ—X10+X8—X6+X4—X2+1; @) w804 (603 | 4402 201 4 4
Answer: (1) 2(12+2)+1=29, ¢(28)=12, (1)is not decomposable.

(2) 2(804+201)+1=2011, »(2010)=528<<804, (2) is decomposable..
x2010__ 1 ( x1005__ 1) (X1005 +1),

1005 +1=( 201 +1) (X804_ X803 | 4402201 4 1) =( 3% +1) (X670_X335 +1).
X804_X603+X402_X201+ 1and X670_X335+1fact0r is X536+ X469_X335_X268_X201+ X67+1.
X804_X603+X402_X201+ 1 =( X536+ X469_X335_X268_X201+ X67+1)( X268_X201+ X134_X67+1).
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B B SRR =LKV At AR IRERTRRNIMR: BRA R p 0
JAR ST R R FITRIRHIKAR.

KR AWEG —FERTTE: ZIRFEIRITTEE: R

MR(2000): 08B10; 1CLC: 0156.1.

1. A%

FI 1 X.y. 2€EZ.(Z NEHLE), x>2, HIEX+H=2 (1), 20FH 4.
iE X*=2"—y*=(z+y) (2 ).

(i) x=2m+1, mEZM, V mfi(z+y)z—y)=(2m+1)® L.

4 z—y =1, z+y =(2m+1)>153%] x=2m+1, y=2m*+2m, z=2m*+2m+1.

(i) x=2m, H m>2 i, Vv mfiz+y)(z—y) =4m? BT

& 7—y=2, z+y=2m?, 3F|x=2m, y=m*—1, z=m*+1. [

R = IEREE x, y iz Yz BT

Bl 1 R A A )

(1) 37, (2) 40.

R (1 % x=2m+1=37, 13 m=18. y=2m*+2m=684, z=y-+1=685. J4 37°+684°=685%
A z=2m?+2m+1=37, M4 meZ; 4 y=m?—1=37, H4 meZ;

4 7=m*+1=37, 13 m=6. x=12, y=35. 4 12°+35*=37%

T LA el 37 W] 5 H 2 ) L

(2) 4 x*=(2m)*=4m?*=1x1600=2>800=4>400=5>320=8>200=10=160=16 <100
=20>80=25>64=32>60=40>40.

4 7—y=2, z+y =2m*=800, 4 x=40, y=399, 7z=401;

& z—y=4, z+y =2m’=400, 4 x=40, y=198, z=202;

4 7—y=8, z+y =2m*=200, 4 x=40, y=96, z=104;

4 7—y=10, z+y=2m?=160, A4 x=40, y=75, 7=85;

4 7—y=16, z+y=2m?=100, A4 x=40, y=42, 7=58;

4 7—y=20, z+y=2m?=80, 4 x=40, y=30, z=50;

4 2—y=32, z+y=2m’=50, 4 x=40, y=9, z=41;

4 7=m?+1=5, m=2, 4 4%+3°=5%, 32%+247=40° x=32, y=24, 7=40.
FiTLAER 40 W5 H 8 /A AL

FHE2 X, y. 2. €2, FTFE X+ +27=P B/ — 4.

HE 1%+2°+2°=3% x>2, e 1,

X+y=z?, 2>2; 2%+ PP Xy 422=1 0

x>3,

x=2m+1 x=2m(m 215 %0) x=2m(m A& 7140
y=2m?+2m y=m?—1 y=m2—1

= % [em*+2m+1)*—1] < z= % [(m?+1)%—1] 7= % (m?+1)2—1
_1 2 2 1 2 N2 1, 5
|—§[(2m +2m+1) “+1]; |—§[(m +1) “+1]; I_Z(m +1) %41,
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EEE 3 Xi ez, n>3, 7:7?3:'5 X12+ Xzz +---+ Xn2: Xn+12 E//I\ﬁgéﬂﬁﬁ

2. EIRER

FH R R BRI 45 2 B 4 UF BH.

EE 4 #rabez, HALKO, WAETE X, YyEZ Ml ax+by=(a, b) L.
i = mo @& b L2 __b
iE t ax+by=(a, b),%5 (a,b)X+(a,b)y_l’ 1E,m—(a’b), n_(a,b)
WAEMBPTEEFRZR, FM, n)=1,nA HEXTHEm KELERR. B4 nAFFEENEAFRL

, A mx+ny=1.

1 nay=1 (modm) A7 It y=a;, W4 x=1"W ez 0

m
3. —RmE&KAHE

3.1. REBENEAREIRSGRE

5138 1 (J.L.Lagrange 5& #)n(<p) ik [F 4 7 2 f(x)=0(modp) ((p, an)=1) (1I),

B n NMAHERI 7S &2 xP—x=q(x)f(x) (mod p).

EIB5 n(<p)kFRITHE f(x)=0(modp) (11), 7 ¥ 78 225 12 -

f(x)=q(x)r(x)=0 (mod p), H. x*—x=g(x)f(x)+r(x)=0(modp).

W r()IRECN m, A (IDA m DA FE I f#E. m<n.

E f(x)=q(X)r(x)=0 (mod p), x*—x=g(X)f(x)+r(x)=r(x)[ g(x)q(x)+1]=0 (modp). i 5¥E 1, r(x)=0 (modp)H m 4>
ASHRTRI A RICID)AT m AN ASAH (5] 60 fife 0 B SR 0

i 2 iR 778 f(x)=0 (mod 7).

f()=2x1+6x "%+ X 45X 24+3x 4+ 2x %+ X +5x3+2x +3x°+AX +6X+4X +x+4.

i f(0)20(mod 7), f(X)=(x®—1) gi(x)+ry(x) (mod 7). X H,

9100)=2x" — x4+ xB—2 x0— 25+ x*+ X —x%+2 x—2, r1(X)= X°—2 x*+3 x*+3 x+2.

X —1=ry(x) go(X)+ ra(x) (Mod 7).3% B, go(x)=x+2, rp(x)=x*+ x*+3x*—2 x—3(mod 7).

ri(X)=r2(X) ga(x) (mod 7), BN r3(x)=0 (mod 7).

r,(X)=0 (mod 7)IfiF A f(x)=0 (mod 7)/NAH [A] I .

X —1=(¢—x—2)r,(x) (mod 7)1, x}*—x*—2x=0 (mod 7)HIf#+E x=0, —1, 2(mod 7).

f(x)=0 (mod 7) AN R 15 x*—x*—2x=0 (mod 7) IR ELEN.

f(x)=0 (mod 7)AHI [l ) fif /2 x=1,—2,23 (mod 7).

32. HE&H{ x=a(modm) R
Xx=b(modn)

R 6 i Fsl {Xfa(mOdm) (D), A ARA 70 3 A R
Xx=Db(modn)

a+mt=b (mod n) (8% b+nt=a (mod m)), tEZ.
#ik, (ID)FfEZ x=a+mt(mod[m, n]) (X x=b+nt(mod[m, n])).
JE x=b=a+mt(mod n), x=a+mt(mod m). #4 x=a+mt(mod[m, nJ).

x=a+mt(mod[m, n]), %5 x=a+mt(mod n), X x=b(mod n). M| a+mt=b (mod n). O
Xx=b; (modm,)

E 7, RN { (IV), Al 7B
X=Db, (modm,)

bi+mity+[my,m,] to+... [ My, my, ..., my] t=bi(modm;isy), 1=1,2, ...,n—1.

Fb, (VIR x=byrmaty+[memy] t+.. 4+ my, My, ..., My ] tea(mod[mg, my, ..., my]).

ME AUERL 6, n=1,2 I EOL. fBE n=k I iy L.
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(IV)fifS: x=by+myty+[my,my] to+. ..+ my, m,,....m 1] tea(mod[my, m,,....m]).
ter 52 T FE bytmoty+[my,my] tH . A My, My, L, M ta=b(modmy).n=k+1 B, 5
{<Ebk+l(m0dmk+l) (+)
x=by+myti+H[my,my] to+... [ Mg, My, L, My ] tea(mod[mg, my, L, my]).
HEH 6, t i FE by+myty+[my,my] t+. A my, my, ..., my] t=big(modmyy,). () KRR L2 (V) AR,
TV ) A2
x=bp+mty+H[my,my] to+. .+ mg, my, L, m] te(mod[my, My, ... Mieq]).
B n=k+1, m@par. O
x=1(mod15)
B 3 fETT A {x—Z(modlZ)
. X=6(mod10)
fi 1+15t,=—2(mod 12), t;=—1; 1+15t,+60 t,=6(mod 10), t,=0.
T7 R R x=1—15=—14=46 (mod 60).
3.3. FRARBERY H
f(x):zn:aix”*‘ LaA€Z, a0, (ap, ay,...,an)=1, f)NEFE#ERHLHA.
i=0
r; (modm)

2y
EIE 8 7 FE4l {f_rz(m od1n)

(V), AR E LA mt+ r=r, (mod n) (B nt+ r=r; (mod m)).

i, (V)HIfE:. f=mk+ r;=r, (mod[m, n]).

KHE, f, 1,y tm, n#HREFMEABLZHR, 0°r<o°m, 8°r,<°n(e°f(x)HN x IE).

JE f=r,=mt+ r; (mod n), x=mt+ ry (mod m). | f=mt+ ry (mod[m, n]).

f=mt+ r; (mod[m, n]), 5 f=mt+ ry (mod n), f=r, (mod n). M mt+ r;=r, (mod n). 0
f(0=ri(mod g:(x)) @

Bl 4 fpJTREd {f(x):rz(mod g(x) ©@. XH
f(x)=rs(mod gs(x)) @

r1(x)=13x*—8x+26, gy(X)=x*+2x%+3; r,(x)=105x—60, g(X)=x>—4x+2; r3(x)=52, ga(x)=x+2.

& ¥ 91(x) p()+ ri()=ra(mod gy(x)). P (22x—9) p(x) —61x+60=0(mod ga(x)).

—61x+60£0(mod g,(x)), °(22x—9)=1, 0°(g2(X))=2. ¥ p(X)=ax+h.

(22x—9)( ax+b)—61x+60=22ax’— (9a—22b+61)x— (9b—60)=c(x*—4x+2)(mod g,(x)).

i 22a=c, 9a—22b+61=4c, 9b—60=—2c.75 a=3, b=—8./f L p(x)=3x—S8.

@, @RI F00=g1(X) pO)+ ri(x)=3 x*—2 x3—3 x*+ x+2(mod gy(X)ga(X)).

SR 3 x*—2 x3—3 X%+ x+2=52(mod gs(X)).

T LA 7 RR2E BB £()=3 x*—2 x3—3 X%+ x+2(mod g1(X)g2(X)g3(X)).

4, ZREIKFENR
LIFTERBE DN RERFER

EIE 9x%=b (modp) (VI), x EipT_l (mod p) (VII) , (VI)2(VD)FIf#E(p NEE.

XH, p=4n+1, b:—pT_l; p=4n+3, b_pTJrl
(e 1) - _
iE (D p=4n+1, x> —b= 415#50 (mod p);
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(p-9* _
(i) p=4n+3, x*—b= 4 —pTHEWEO(mod p).

H g1 B 1, (VIR (VD) HIAE. O
EX 1 p NEH, x*=b(mod p)il i x EipT—l (mod p)KIEAESTE.

EIE 10 p NEHL (p, a)=1, x*=a (mod p). (VI

(i)a=b (mod p). (VIR x Eﬂ:pT_l (mod p).

(i) a# b (mod p), (VA i 78 225 A2 m(m+1)=a—b (mod p). m=1,2, ...,n—1.
# ik, (V]]])El‘]ﬁﬁ%:xzi(pT_l —m) (mod p).

XHE, p=4n+l, b:—pT_l; p=4n+3, b=—-.

iE (D 24 a=b (mod p), 4R (VI & (VI) R th 52 (VI Fr .
(i) 4 a# b (mod p),
(p-1)°

XEi(pT_l —1) (mod p)S& X* =b +(|OT_1 —1)’— T4 =b+1>2 (mod p) I fi#;
_ _ (p-9*
XEi(pTl —2) (mod p)/2& X* =b +( pTl —2)?— " 4 =b+2>3 (mod p)KIfE; ...;
p_l 2 p_l 2 M
= —m) (mod p)s& X° =b +(T —m)’— 4 =b+m(m+1) (mod p)KIfE, m=12, ...,n—1.
FiL, xzi(pT‘l —m) (mod p)J2:(VIl) 1. 0

m(m +1)2 PN IES R IR, PRSI R 2 0, 2, 6. —RIGHLT, & 10 2B R FHk
5% 3 ML

il 5 fE T HITIHE.

(1) X¥*=11 (mod 43); (2) xX*=73 (mod 127).

# (1) pT‘l =21, b= pT” =11. x’=11(mod 43) 2 77 5 x==21(mod 43) ¥ K1k J5 .

FreAQQ)FIf#E:  x=+21(mod 43).

pT” =32. x=32 (mod 127) 2 x=+63 (mod 127)[fj 3k i 77 .

p-1
2 —— =63, b=
(2) 5
m (m+1) =127k+(73—32) =127k+41. k +4=3, 5, 7.J84 k=7.
127k+41=30>31, m=30, pT—l —30=33.

(2) IR x=£33 (mod 127).
42485 P REIRSENR
P NEHL, x*=a(mod p¥) ,(p, @) =1. (IX)

(IX) 5 et 77 R4 -
fx)=x*—a=0 (modp) , @
f(x)=0 (modp?) , @
f(x)=0 (modp%. ®

BT 2 (IX)AMIIFELMEZ: £/ (x) p'ti+ f()=0 (mod p™Y), i=1, 2, ... k—1.
54



Several Problems In Elementary ...

H1 £/ (X)=2 X, X, p' ti+ f()=0 (mod p"Y). 2xit, +% =0 (modp). (%)

(Xi» pP)=1,(2,p)=1, x> p)=1,i=1,2, ..., k=1 #HO) A, RAEWHHFE WO, Q,.. OHBHKAH
Pifde. IXKE, B p S8R p* 0 IR F 4 75 A R (R AR 7 k.
EFE 1 p AR, (P a)=1,x=a(modp*). (IXD

()% a=b (mod p), (IX) IS x:i%‘l (mod p";
(ii)# a£b(mod pY), (IX)ﬁﬁif’EE’HE%“&%#%: m(m+1)=a—b(mod p*). m=1,2, ...,n-1.
i, (IX) S x=H —— p —m) (mod pY).

XH, pf=4n+1, b=—pT_1; p*=4n+3, b_pT+1

EX 2 pNEH, x=b(mod pymifi x ==L
il 6 fi#J7FE x*=11 (mod 5%).

3 _ 3 _
@ 5 1:62,b:_541

(mod PRI EAESTE.

=—31. x’=—31 (mod 5°)/& /5 2 x=+62(mod 5°) ¥ 3 J5 72

5° -1

m(m +1) =5°%k+(a —b) =5%k+6>7. k=0, m=6, —m=62 —6=56.

JE 7 R IR x=+56(mod 5°).

4.34EH 2N REKH N R

x’=a (mod 2), (2, a)=1 (X).

k=1, (X) A ME—fi# x=1 (mod 2); k=2, (X)H MM E&LFE: a=1 (mod 2%). #5ith, (X)) x=%1 (mod
2%); k=3, (X)EMRMAELMZ: a=1(mod 2°). &6, (X)H 4 AME. & x=a Z(X)I—AME, (X))
iR x= +a, Ha+2"") (mod 2Y).

N 3 x*=(2k—1)%=b (mod 2) (k=3) Mfif x=+(2k—1) (mod 2“) By EHETSTE.

EH 12 x’=a(mod 29, (2,a)=1(X).

()% a=b=(2k—1)2 (mod 2%), H4 (X)L x=t(2k—1), H2k—1+2*") (mod 2").

(ii)#F a# b(mod 2, A (X)H MM FEE KM

(m+ K)(m+ k -1)=k(k—1) + a;b (mod 27).

b, XOMIEZ: x=t[(2k—1)+2m], H(2k—1)+2m +2“*] (mod 2?).

I x=+(2k—1) (mod 2%)/& xX’=(2k—1) =4k(k—1)+1=b (mod 2*) (k>3) I fi#.
()& a=b (mod 29, x=+(2k—1), #H2k—1+2*1) (mod 2%)2& (X )FIfiE.
(i) a# b (mod 2, x=+(2k—1)+2m (mod 2X) & (X)) HIfiE,
[(2k—1)+2m] =4(m+ k)(m+ k -1)+1=a (mod 2Y).

i b—a=4k(k—1)—4(m+ k) (m+ k -1) (mod 24 /% k>3, 8|(b—a), 75%

(m+ K)(m+ k -1)=k(k—1) + a;b (mod 2°?) . 0

(m+ K)(m+ Kk -1) RS, —BAE T, %10 2 A FHkk 3 4.
B 7 IR
(1) x*=57 (mod 2°%); (2) x’=145(mod 2°).
fi# (1) k=6,2k—1=11, x’=11’=121=57 (mod 2°)#& x=+11(mod 64) 1 FE1E 7 L.
(DI x=+11, +(11+2%)=+11, =21 (mod 2°).
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(2) k=8, 2k—1=15. x’=15’=225 (mod 2°%)#2 x=+15(mod 2°) 1) ik J5 F£.

(m+ k—1)(m +k) =(m+7)(m +8) =2% n+ k(k—1)+ a-b

=64n+36, n +4=0, 4, 6.

n=6, 64n+36=20>21, m+7=20, m=13. (2k—1)+2m=15+26=41.
Q)HIfiRE x=t41, £(41+27)=+41, 287 (mod 2°).

4.4 BN EEFHF

EEH p RN pxXP+yA(p=4n+l), =1L,

(1) f#J7HE x’=—1 (mod p).

p-1

QY : =(—1)*'=1, x’=—1 (mod p)fi fif. B = F 10, RIEAF x=2x, (mod p).
(2) H Euclid 523K x, y BI1A.
T r:[\/5+1], Mra<<r, <<r, ry,>rh,

B x=ry, y=roas X%+ y? =p. 2189, 233
51l 8 K5 233 FKAEPIAELITF 5 F. 34, 55[1
fi# x*=—1 (mod 233)1If#Z x=+89(mod 233). r=[ /233 +1]=16. 13. 2111
HY x=13, y=8, | 233=13%+ 8°. 8

5. RiR

S.LERSEURIER. FARKHNXHE
S138 3 (L.Euler #I54F) ¥ p NEEREL

p-1

X M p BT TR T B x 2 —1=0(modp);

p-1

X M p B9 R RO X 2 +1=0(modp).

T3 13 iy, Py O AL ATHH p MFALRIAR R TR R SRR T =() (P U i)
(ix .0,y #em 1M ) 1 1 0

N p—1=2% 4 =[:- , Bl fy=2. q ]
(i) p T4 9 =i (Pe). B ) W

(ii)ﬁ[]% p—1= Zaiquiﬂi s Qi NEEREE, T4 SI) :Ej(p) (p(p) Uf(p))- 1
SE () p(o(p)= p(p— 1= p(27)= 2, card(gyy)= 2" (card (A)FREEA A TR

Wr—1=x" —1=(x2" —1)( x*" +1).Hh 5 3,

P ={ X x*"" —1=0(modp)}, card(p, ):pT_l =2, card(j)=p—1= 2"

card(je) —card(pg) )= 2°—2“"= 2* =card(g, )-

g ={ X x*" +1=0(modp)}= l:j(p) (Pe))-

.. _ o K B \—o(a-1) K (5-1) X

(”) (0(p_1)_ 90(2 Elch ')_2 Elqi ' g(qi_l) '

2 1 gf 2649 T gt 200 figf . wn K
X _1:()( = _1)()( = +1) : IE‘t(g) =2 qu{]' /qi )
! iz
2eD [ gf

X = +1:(x‘“‘1)+1)(§(—l)ix“°ﬂ’i)=(x““2)+1)(q_221(—1)ix‘(“Z’i):...:(x‘(q“+l)(§(—l)‘x‘(q”‘).
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JEARALE J7 R4 X' +1=0(modp) ', 775 FELL(XI) .
g-1 ) )
Jwx) :{ Xl Z (—:I.)I Xt(q')I EO(modp),iZl,Z, .. -sk}:[:j(p) (p(p) U f(p)) (XI) U

A Q1,Go,- -0 B ELJSE, (XD 5 R ECS A A SE e B 5, (XD R 2 25 (i) A& IRAR R =, 15
9Jp=0(modp).
B 9. KFFHJEAR.

(1) 17; (2) 211.
B (1) o(p17)= ¢(16)=8. x**—1=( x*—1)( x*+1)=0(mod17).
Jan ={£1,22,...£8}, par ={#,22,#4,38}, g7y ={33,45,36,48}.

(2) 9(210)= 0(2) 9(3) ¢(5) p(7)=48. x***—1=( x*®—1)( x*®+1).
X P+1=(xP+1)(D)= (X+1) (@)= (x°+1) (®).
@: X70—X35+1; @: X84_X63+ X42—X21+1; @: Xgo_x75+ Xeo_X45+ X30—X15+1.
DN@=x+x0—xB—xB—x?1+ x'+1. @
g(x) :®ﬂ@: X48_X47+X46_X42+2X41_X40+X39+X36_X35+X34_X33+X32_X31_X28_X26_X24
_X22_X20_X17+X16_X15+X14_X13+X12+X9_X8+2X7_X6+X5+X2_X+1 @

211 17 48 N EARAE gy=0(mod211)H.

X0 —=xB+1=( XM —=x"+1) OC+x" = —x* = x+x+1) (®), jour) ={£1,£2,...,£105}.
foay ={ X|(X**+1) (X" —=x"+1)XC+x" —x*—x* —x>x+1)=0(mod211)}.
Pey={1,—2,—3,4,5,6,—7,—8,9,—10,11,—12,13,14,—15,16,—17,—18,19,20,21,— 22,
—23,24,25,—26,—27,—28,—29,30,—31,—32,—33,34,—35,36,37,— 38, —39, — 40, — 41,
—42,43,44,45 46,47, —48,49,—50,51,52,53,5455,56, —57,58,59, —60, — 61,62, — 63,64,65,66,
—67,—68,69,70,71,—72,73,—74,—75,76,—77,78,79,80,81,82, 83,84, —85,—86,87,—88,—89, —90,—91,
—92,93,—94,95,96,—97,—98,99,100,101, — 102,103, — 104,105}.
{ x}®+1=0(mod211)}={—1,—5,8,—11,12,—13,18,23, —25,27,28,40,42, — 55, —58,60,63, — 64, — 65, 67,68,
—71,—76,—79,82,86,—87,88,89,90,—96,97,98,102,104}.
{ x| x**—x"+1=0(mod211)}= {—14,15,26,31,32,33, — 34,38, — 43,50, —54,— 73,94, — 101}.
{ x| x3+x" —x°—x*—x3+x+1=0(mod211)}={10,— 19,—21,61,74,77,—83,— 100}.
9o~ {2,3,—4,—6,7,—9,—16,17,—20,22,—24,29,—30,35,—36,—37,39,41, —44,— 45, —46,—47,48,—49,
—51—52,—53,—56,57,—59,—62,—66,—69,—70, 72,75,—78,—80,—81,—84,85,91,92, —93,—95,— 99, —
103,—105}.
5.2. FREER 5 AR A

2t/d, ) _
BRL) =Y () L (X)X o LI, (dth2d +1) R EHL

i=0

X IR HOE UL do A Z IS 28, 2E08(—1) ' O IS 480 A4 XN A 2@, R e (X
() I B 2R s oL

doh t AEL x TREURE DL d o A ZE S ZHS, doAF, BEIMAZAR, XDFREAFR. 12 Toh
tABEE, XD)MRERE Ty

IR 14 % P(P=4t+2d+1) & =3,

()UR p(at+2d)=2t, B4 (XD)ASA] 43

()W F p(at+2d)<2t, F4 (XN A4 fiRk.

. ) 2t/d, . X2t+d( +1 X4t+2d, -1

ME (1) T2t d) = ,Z;‘ DX = X+l O +)(Hh—1)

P Y JEARAE 75 B2 x*% —1=0(mod p) }2 x* +1=0(mod p) . 1 S (XI)IE Al 43, A4 (XI) o JEAR 1% H /s
T2t X5 p(4t+2d)=2t FHF &, (i)HOL.
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(ii) g() W R E 2 T p(4t+2d)<2t, (XD)HAAERE R T f(x), 5 f(2t, d) =f)g(x) iz i BL(XT) A]
O3 (i) oL O

B 10 H0 N & I8 A AT LS i, T A AR HL A i

(1) X2 =X xE—x4-x*—x2+1; (2) xB04—xB03 4402y 201 4 1

R (1) 2(12+2)+1=29, ¢(28)=12, (L)AF[4rfiE.

(2) 2(804+201)+1=2011, ¢(2010)=528<<804, (2)T] /).

x2010__ 1=( 1005 __ 1) (X1005 +1),

1005 +1=( x201 +1) (X804_ 6034 4024201 4 1) =( x3% +1) (X670_X335 +1).

X804_X6O3 —I—X402—X201 +1 K X670_X335 +1 E/‘J A ﬁ y\j X536 + X469_X335_X268_X201 + X67 +1.
X804_X603+X402_X201+ 1 :( X536+ X469_X335_X268_X201+ X67+1)( X268_X201+ X134—X67+1).
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