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Abstract 
In this paper we have considered a new class of Kaluza-Klein five dimensional cosmological model filled with 

perfect fluid in the framework of 𝑓(𝑅, 𝑇) theory with an appropriate choice of function 𝑓(𝑅, 𝑇) = 𝑅 + 2𝑇 and 

time varying deceleration parameter, we have obtained  the exact solutions of the field equations. Different 

characteristics of physical and dynamical properties of the model are discussed by using graphics. Also, we 

have studied the behaviour of designed cosmological models in different angles with sense of present epoch.  

Keywords: Cosmological model, perfect fluid, f(R,T) theory, Kaluza-Klein, Five dimension, Time varying 
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I. Introduction 
In these days, researchers are interested to study alternative theories of gravitation due to existence of 

the dark energy, dark matter and late time acceleration of the Universe. Out of which f(R,T) theory of gravity 

proposed by Harko et al., [1] is a special one because it represents the variation of matter stress energy of the 

metric. Also, for specific choices of the function f(R,T) different cosmological models are presented which 

gives consistent results. 

 

[9] have investigated on 𝑓(𝑅, 𝑇) theory using FRW metric and studied on the accelerated Universe. 

[10] have studied on existence of bulk viscous cosmological model in 𝑓(𝑅, 𝑇) gravity. Many researchers have 

studied on 𝑓(𝑅, 𝑇) gravity using different cosmological models[6], [11]–[15]. [12], [16], [17] have investigated 

on Kaluza-Klein model using 𝑓(𝑅, 𝑇) gravity and observed the model in different directions.[18] have studied 

on higher dimensional cosmological model in the context of Lyra geometry. [12] have discussed on Kaluza-

Klein cosmological model in the context of 𝑓(𝑅, 𝑇) gravity and found in the presence of domain walls. 

After Kaluza’s work published in 1921, a natural question was raised where is the 5th dimension. This 

question is very much relevant as we observe only 4-dimensional world. So, if we believe in a 5-dimensional 

world, the simplest approach is to think that the extra dimension (5th dimensional) is too small to observe. It 

indicates that extra dimension should be compact. 

To find the exact solution of Einstein field equation, we have assumed a special form of volume. In 

sect. 2: the field equation of 𝑓(𝑅, 𝑇) gravity, in sect. 3: metric and field equations and their solution and sect. 4 

deals with conclusion of the study. 

 

II. Field equation of 𝐟(𝐑, 𝐓) gravity 
The 𝑓(𝑅, 𝑇) theory of gravity is a modification of General Relativity. The field equations are derived from the 

Hilbert-Einstein type variation principle. The action for the modified 𝑓(𝑅, 𝑇) gravity is 

S=
1

16𝜋
∫ 𝑓(𝑅, 𝑇)√−𝑔 𝑑5𝑥 + ∫ 𝐿𝑚√−𝑔𝑑5𝑥 (1)  

 

where 𝑓(𝑅, 𝑇) is an arbitrary  function of Ricci scalar (𝑅) and be the trace  of stress–energy tensor 𝑇𝑖𝑗  of the 

matter(𝑇). 𝐿𝑚 is the matter Lagrangian density. The energy momentum tensor 𝑇𝑖𝑗  is defined is 

𝑇𝑖𝑗 = −
2

√−𝑔 

𝜕(√−𝑔)𝐿𝑚

𝜕𝑔𝑖𝑗
 (2)  

and its trace by 𝑇 = 𝑔𝑖𝑗 𝑇𝑖𝑗  . Here, we assume that the dependence of matter Lagrangian is merely on the metric 

tensor 𝑔𝑖𝑗 rather than its derivatives. In this case, we obtain  

𝑇𝑖𝑗 = 𝑔𝑖𝑗𝐿𝑚 −
𝜕𝐿𝑚

𝜕𝑔𝑖𝑗
 (3)  

The 𝑓(𝑅, 𝑇) gravity field equations are obtained by changing the action of S with respect to metric tensor𝑔𝑖𝑗. 

𝑓𝑅(𝑅, 𝑇)𝑅𝑖𝑗 −
1

2
𝑓(𝑅, 𝑇)𝑔𝑖𝑗 + (𝑔𝑖𝑗∇i∇i − ∇i∇j)𝑓𝑅(𝑅, 𝑇) = 8𝜋𝑇𝑖𝑗 − 𝑓𝑇(𝑅, 𝑇)𝑇𝑖𝑗 − 𝑓𝑇(𝑅, 𝑇)𝜃𝑖𝑗 (4)  
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Where 

𝜃𝑖𝑗 = −2𝑇𝑖𝑗 + 𝑔𝑖𝑗𝐿𝑚 − 2𝑔∝𝛽
𝜕2𝐿𝑚

𝜕𝑔𝑖𝑗𝜕𝑔∝𝛽
 (5)  

𝑓𝑅(𝑅, 𝑇) =
𝜕𝑓(𝑅,𝑇)

𝜕𝑅
, 𝑓𝑇(𝑅, 𝑇) =

𝜕𝑓(𝑅,𝑇)

𝜕𝑇
, where the ∇i  stands for covariant differentiation.  Now contraction of 

equation (4) gives 

𝑓𝑅(𝑅, 𝑇)𝑅𝑖𝑗 −
1

2
𝑓(𝑅, 𝑇)𝑔𝑖𝑗 + 3(∇i∇

i)𝑓𝑅(𝑅, 𝑇) − 2𝑓(𝑅, 𝑇) = 8𝜋𝑇 − 𝑓𝑇(𝑅, 𝑇)(𝑇 + 𝜃), (6)  

where 𝜃 = 𝜃𝑖
𝑖 . Equation (4) gives a relation between Ricci scalar 𝑅 and trace 𝑇 of energy momentum tensor. 

Using matter Lagrangian 𝐿𝑚, the energy momentum tensor for a one fluid source. 

𝑇𝑖𝑗 = (𝑝 + 𝜌)𝑢𝑖𝑢𝑗 − 𝑝𝑔𝑖𝑗, (7)  

 

where 𝑢𝑖 = (0,0,0,0,1) is the velocity vector in co-moving coordinates which satisfies the condition 𝑔𝑖𝑗𝑢𝑖𝑢𝑖 =
−1 and 𝑢𝑖∇jui = 0.𝜌  and 𝑝 are energy density and isotropic pressure of the fluid respectively and the matter 

Lagrangian can be taken as 𝐿𝑚 = −𝑝. 

The stress energy of perfect fluid is  

𝜃𝑖𝑗 = −2𝑇𝑖𝑗 − 𝑝𝑔𝑖𝑗 (8)  

The 𝑓(𝑅, 𝑇) theory of gravity depending on the nature of the matter source. We take  

𝑓(𝑅, 𝑇) = 𝑅 + 2𝑓(𝑇). (9)  

In this paper, we have considered 𝑓(𝑅, 𝑇) = 𝑅 + 2𝑇. 

The gravitational field equation of 𝑓(𝑅, 𝑇) gravity from equation (4) gives 

𝑅𝑖𝑗 −
1

2
𝑅𝑔𝑖𝑗 = (8𝜋 + 2)𝑇𝑖𝑗 + (2𝑝 + 𝑇)𝑔𝑖𝑗 . (10)  

Einstein field equations with cosmological constant is expressed as  

𝐺𝑖𝑗 − Λ𝑔𝑖𝑗 = −8𝜋𝑇𝑖𝑗 . (11)  

From equation (10) and equation (11) we obtained 

 

Λ = 2𝑝 + 𝑇 

 

III. Metric and Field Equations 
Consider a five dimensional Kaluza-Klein metric in the form  

 

(12)  

𝑑𝑠2 = 𝑑𝑡2 − 𝐴2(𝑡)(𝑑𝑥2 + 𝑑𝑦2 + 𝑑𝑧2) − 𝐵2(𝑡)𝑑𝜓2 
 

(13)  

Here the fourth coordinate 𝜓 is taken to be space-like and A, B are function of cosmic time t only. 

The field equation (10)-(12) for the metric(13) with the help of energy-momentum tensor (7) gives the following 

system of equations 

(
𝐴′′

𝐴
) + 2 (

𝐴′

𝐴
)

2

+
𝐴′𝐵′

𝐴𝐵
−

3

2
(𝐴3𝐴′′ +

𝐴′′

𝐴
+

𝐴′𝐵′(𝐴4 + 𝐵4)

𝐴𝐵
) − 3𝐴2𝐴′2

−
1

2
(𝐵3𝐵′′ +

𝐵′′

𝐵
)

= (8𝜋 − 2)𝑝 + (8𝑝 + 𝜌) 

(14)  

3 (
𝐴′𝐵′

𝐴𝐵
) −

3

2
(𝐴3𝐴′′ +

𝐴′′

𝐴
+

𝐴′𝐵′(𝐴4 + 𝐵4)

𝐴𝐵
) − 3𝐴2𝐴′2

−
1

2
(𝐵3𝐵′′ −

𝐵′′

𝐵
)

= (8𝜋 − 2)𝑝 + (8𝑝 + 𝜌) 

 

(15)  

and 
3

2
(

𝐴′′

𝐴
− 𝐴3𝐴′′ −

𝐴′𝐵′(𝐴4+𝐵4)

𝐴𝐵
) − 3𝐴2𝐴′2

−
1

2
(𝐵3𝐵′′ −

𝐵′′

𝐵
) = (8𝜋 − 2)(2𝑝 + 𝜌) + 3(4𝑝 + 𝜌). 

 
(16)  

Subtracting equation (14) from (16)  

𝐵′′

𝐵
−

𝐴′𝐵′

𝐴𝐵
+ 2 (

𝐴′′

𝐴
) −2 (

𝐴′

𝐴
)

2

= (8𝜋 − 2)(𝑝 + 𝜌) + (4𝑝 + 2𝜌) (17)  

 

Subtracting equations (15) from (16) 

3
𝐴′′

𝐴
− 3

𝐴′𝐵′

𝐴𝐵
= (8𝜋 − 2)(𝑝 + 𝜌) + (4𝑝 + 2𝜌) (18)  

Subtracting (17) from (18) 

𝐴′′

𝐴
+ 2 (

𝐴′

𝐴
)

2

− 2
𝐴′𝐵′

𝐴𝐵
−

𝐵′′

𝐵
= 0. (19)  

Where an overhead prime denotes ordinary derivative with respect to cosmic time ‘t’ only.  
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Rewriting the equation (19) is of the form  

𝑑

𝑑𝑡
(

𝐴′

𝐴
−

𝐵′

𝐵
) + (

𝐴′

𝐴
−

𝐵′

𝐵
)

𝑉′

𝑉
= 0. (20)  

 Here we considered the spatial volume 

𝑉 = 𝐴3𝐵. (21)  

Integrating both side of equation (20) w.r.to. t we get 
𝐴

𝐵
= 𝑐2𝑒𝑐1 ∫

𝑑𝑡

𝑉 . (22)  

Using equation (21) & (22) the metric potentials can be represented as 

𝐴 = 𝑐2
1/4

𝑉1/4𝑒𝑐1/4 ∫
𝑑𝑡

𝑉      (23) 

 

and                                                                   

𝐵 = 𝑐2
−3/4

𝑉1/4𝑒−3𝑐1/4 ∫
𝑑𝑡

𝑉
.
 (24) 

Where  𝑐2
1/4

 and 𝑐2
−3/4

are integration constant, let us consider 𝑐2
1/4

= 𝛽  and 𝑐2
−3/4

=  𝛿. 

Using equation (23) and (24) the resulting solution of field equations (17) and (18) can be expressed in terms of 

V as follows  
3

4
𝑉−2(𝑐1

2 − 1) = (8𝜋 − 2)(𝑝 + 𝜌) + (4𝑝 + 2𝜌) 

 

IV. Physical properties: 
The directional Hubble parameters along different directions are defined as 

 𝐻𝑥 = 𝐻𝑦 = 𝐻𝑧 =
𝐴′

𝐴
&𝐻𝜓 =

𝐵′

𝐵
. 

To treat the metric potentials in a physically realistic way, here we have considered the volume of the Universe 

as a power law form i.e. 

   𝑉 = 𝐴3𝐵 = 𝑡𝑏𝑒𝑘𝑡                   (25) 

Here we took 𝑏 = 0, which covers all possible expansion histories throughout the evolution of the universe. The 

positive nature of the exponent is in accordance with observational findings predicting an expanding universe. 

The power law expansion of the universe predicts a deceleration parameter 𝑞 = −
𝑎�̈�

(�̇�)2, where 𝑎 stands for the 

average scale factor of the universe and is related to the directional scale factors 𝐴 & 𝐵through 𝑎 = (𝐴3𝐵)
1

4. 

The directional scale factors can be obtained by using (25) in (23) & (24) as 

                𝐴 = 𝑐2

1

4(𝑒𝑘𝑡)
1

4𝑒
𝑐1
4

(
𝑒−𝑘𝑡

−𝑘
),

 
(26) 

 

                𝐵 = 𝑐2

−
3

4(𝑒𝑘𝑡)1/4𝑒
−3𝑐1

4
(

𝑒−𝑘𝑡

−𝑘
),

 
(27) 

 

𝐻𝑥 =
(1 + 𝑐1)

4
(𝑒−𝑘𝑡) (28) 

 

𝐻𝜓 =
(1 − 3𝑐1)

4
(𝑒−𝑘𝑡) (29) 

 

     𝐻 =
3𝐻𝑥 + 𝐻𝜓

4
=

1

4
(𝑒−𝑘𝑡). (30) 

 

The directional Hubble parameters in respective directions are 

𝐻𝑥 = 𝐻𝑦 = 𝐻𝑧 = 𝐻 +
𝑐1

4
(𝑒−𝑘𝑡) (31) 

 

and 𝐻𝜓 = 𝐻 −
3𝑐1

4
(𝑒−𝑘𝑡). (32) 

 

The anisotropy parameter ∆ is 

    Δ =
1

4
∑ (

(𝐻𝑖−𝐻)

𝐻
)

2
4
𝑖=1 = 3𝑐1

2,                            (33) 

where 𝐻𝑖(𝑖 = 1,2,3,4) represent the directional Hubble parameters in the directions of 𝑥, 𝑦, 𝑧 & 𝜓 respectively. 
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The expansion scalar   𝜃 = 4𝐻 = 𝑒−𝑘𝑡    (34) 

and the shear scalar𝜎2 = 6𝑐1
2𝑒−2𝑘𝑡 .       (35) 

The other unknowns are obtained as follows 

   𝑃 =
3[(𝑐1

2−1)𝜔𝑒−2𝑘𝑡]

32𝜋(𝜔+1)+8𝜔
      (36) 

  

  𝜌 =
3[(𝑐1

2−1)𝑒−2𝑘𝑡]

32𝜋(𝜔+1)+8𝜔
       (37) 

   

Case-I for     𝜔 = 0 We get   𝑝 = 0.(Dust)        (38) 

Case-II for𝜔 = 1 We get  𝑝 = 𝜌 (stiff matter)            (39)  

Case-III for 𝜔 = 1/3 We get  𝑝 =
1

3
𝜌 (radiating universe)     (40) 

Case-IV for 𝜔 < −1/3 We get   𝑝 = −
1

2
𝜌, 𝑏𝑦 𝑡𝑎𝑘𝑖𝑛𝑔  𝜔 = −

1

2
𝑤𝑒 𝑣𝑒𝑟𝑖𝑓𝑖𝑒𝑑  (Accelerated expansion of the 

universe)          (41) 

Case-V for 𝜔 ∈ (
1

3
, 1)  Hard Universe       (42)  

 

 
 

The observational data 

The deceleration parameter 𝒒  ,the jerk parameter 𝒋,the snap parameter 𝑠∗and the lerk parameter 𝑙   of our 

model is obtained as  

The deceleration parameter  𝑞 = −
𝑎�̈�

(�̇�)2 = −1 .               (43) 

The jerk parameter  𝐽̇ =       
𝑎2𝑎

(�̇�)3 = 1                                     (44) 

Snap Parameter 𝑠∗ = −
𝑎3

….
𝑎

(�̇�)4 = −1          (45) 

The expansion of a(t) around a(0) using taylor’s theorem as : 

𝑎(𝑡) = 𝑎(0) + �̇�(0)𝑡 +
�̈�(0)

2!
𝑡2 +

𝑎(0)

3!
𝑡3 + ⋯                 (46) 

Let 𝑎(𝑡) = 𝑎 𝑎𝑛𝑑 𝑎(0) = 𝑎0,we get 

𝑎 = 𝑎0 +  �̇�0𝑡 +
�̈�0

2!
𝑡2 +

𝑎0

3!
𝑡3 + ⋯                               

Or 
𝑎

𝑎0
= 1 + 

�̇�0

𝑎0
𝑡 +

�̈�0

2!𝑎0
𝑡2 +

𝑎0

3!𝑎0
𝑡3 + ⋯                                                              (47) 

 

The current values of the parameters and appear in the Taylors expansion(48) around 𝑎0as 
𝑎

𝑎0
= 1 + 𝐻0𝑡 −

𝑞0𝐻0
2

2!
𝑡2 +

𝑞0𝐻0
3

3!
𝑡3 + ⋯                                       (49) 
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V. Conclusion: 
In this paper, the role of perfect fluid with cosmological constant is studied for deriving perfect fluid 

solutions in view of five-dimensional Kaluza-Klein space-time in gravity corresponding to five different cases 

of EoS parameter. In first case i.e., when  it is shown that the obtain model of the universe is vacuum which is 

otherwise known as dust distribution, in case-2 i.e., when  the obtained model of the universe is isotropic. 

Further, in case-3, we obtained a radiating universe and in case-4 we obtained a universe where pressure 

remains negative and energy density remains positive which yields an accelerating and expanding universe 

which ultimately gives a flat space-time. Here the pressure initially diverging in nature and later on it vanishes. 

The obtained universe is anisotropic in nature throughout the entire evolution. It is also observed that at the 

current stage the universe is expanding in nature and will collapse at infinite future.  
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